Higher-Order Perturbation in Sequence Space:
the Certainty Correspondence

Adrien Auclert® Rodolfo Rigato™ Matthew Rognliet Ludwig Straub$

October 2026

Abstract

We show that higher-order perturbation solutions to rational expectations models
can be obtained from the derivatives of the model’s perfect foresight solution. This
certainty correspondence result extends certainty equivalence beyond the first order. Our
method delivers the same solution as state-space perturbation, but for models with
large idiosyncratic state spaces it is significantly faster and more practical. We apply it
to solve a HANK model and a menu cost model to third order in aggregate risk, finding
significant time variation in the fiscal multiplier and the responsiveness of inflation to
costs. For plausible shocks we consider, third-order perturbation performs well against

nonlinear methods.
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1 Introduction

Heterogeneous-agent models with aggregate risk are notoriously difficult to solve in general equi-
librium. A recent literature (Boppart, Krusell and Mitman 2018, Auclert, Bard6czy, Rognlie and
Straub 2021) has made progress by exploiting certainty equivalence: the fact that to first order in
shock size, aggregate risk is neutral, and future variables can be replaced by their expectations.
A consequence is that to first order, the impulse response to an “MIT shock”—a one-time, unex-
pected shock, with perfect foresight thereafter—is the same as in a stochastic model. Such impulse
responses can be obtained with sequence-space methods, sidestepping the curse of dimensionality
that often arises in the state space, and enabling faster and easier computation.

The restriction to first-order aggregate risk, however, is currently a major drawback of the
sequence-space approach. In a first-order approximation, there is no role for size- or history-
dependent effects, nor is there any precautionary response to aggregate risk. It is impossible to
study how aggregate volatility, or policies responding to it, affects welfare.

In this paper, we overcome these limitations by extending sequence-space methods to higher
order. We show that certainty equivalence can be generalized to what we call the certainty corre-
spondence: a systematic relationship between MIT-shock impulse responses and the higher-order
perturbation solution. We derive this explicitly for the second- and third-order cases, showing
how each term can be obtained via the certainty correspondence, and apply these methods nu-
merically to obtain the full third-order solution of a HANK model and a menu cost model. Our
perturbation approach delivers the same solution as a state-space approach with pruning (An-
dreasen, Ferndndez-Villaverde and Rubio-Ramirez 2018), but comes with the computational ben-
efits and speed of sequence-space methods. It also delivers high accuracy relative to a global
solution for our partial-equilibrium model, where computing such a solution is straightforward.

As aresult of the certainty correspondence, higher-order perturbation is straightforward to im-
plement for anyone who can calculate nonlinear perfect-foresight impulse responses to shocks—
extending the Boppart et al. (2018) insight beyond first order. We provide tools to speed up gen-
eral equilibrium and avoid numerical differentiation, as well as formulas for generalized impulse
response functions and moments of the stochastic solution. For a baseline heterogeneous-agent
model, we obtain a full second-order solution and fifth-order accurate moments in less than a
minute, and a complete third-order solution in less than 5 minutes on a standard laptop. A code
repository illustrating our methods accompanies the paper.!

The foundation of our approach is the nonlinear sequence-space solution X; = X (0, €, €1, .. .),
which expresses the path of an economy as a function of anticipated risk ¢ and the infinite history
€;,€_1,. .. of realized shocks.?2 Whenever a locally stable state-space solution X; = ¢(X;_1,€,0)

exists, a sequence-space solution also exists, and we can use perturbation to approximate it around

1See https://github.com/shade-econ/higher-order.

2Lan and Meyer-Gohde (2013b) also study such a solution, which they call a “nonlinear moving average”, while
Lombardo and Uhlig (2018) and Bhandari, Bourany, Evans and Golosov (2023) study a similar function where the
history is finite—starting at date 0—rather than infinite. We discuss the relation to these papers further below.
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the deterministic steady state X. To first order, this is exactly the approach advocated by Boppart
et al. (2018): since &, = 0 (certainty equivalence), the first-order solution is determined by the
derivatives X; with respect to past shocks €;_;, which can be identified with the first-order im-
pulse response to an MIT shock.

At second order, certainty equivalence no longer holds, since there is a constant risk term X
All other terms in the second-order expansion, however, are independent of risk ¢, and can be
obtained by differentiating impulse responses to MIT shocks: to get size-dependence effects X;,
we take the second derivative with respect to a new shock; while to get history-dependence effects
X, we take the mixed second derivative with respect to two shocks that are k — j periods apart.
We further show that, remarkably, the risk term &}, can also be obtained from the information
in an MIT-shock solution: it is simply the effect from perturbing steady-state expectations by the
impact size-dependence term Xy. Intuitively, this is because in the risky steady state X + 3 X,;0?
(the steady state when risk is anticipated, but no shocks are ever realized), the expectations of
tomorrow’s state are equal to the constant X + %(Xw + Xoo)o?, so we can use our knowledge of
Xoo to solve for X;,. This is the second-order certainty correspondence.

Moving on to third order, most of the new terms in the expansion of X" are still independent
of risk: they are of the form Xy, and can be obtained from triple derivatives of responses to MIT
shocks that are k' — k and k — j periods apart. The new risk-dependent terms have the form X,
and capture how risk alters the transmission from €;_; to X;. We decompose these terms into two
effects. First, there is a risky steady state effect: the second-order shift in the steady state changes
tirst-order impulse responses. We can obtain this effect by comparing responses around the de-
terministic and risky steady states. Second, there is a time-varying precautionary effect, reflecting
how realized shocks change the economy’s response to anticipated future risk. We show that this
effect can also be obtained from a perfect-foresight transition, with expectations perturbed by the
known sequence Xp;. This completes the third-order certainty correspondence.

We explain how to apply the second- or third-order sequence-space solutions to simulate the
model, obtain its generalized impulse responses, and calculate its moments. For simulations, we
evaluate the sequence space solution at order n on a sequence of shocks ¢€;_j; this gives the same
outcome as the pruned state-space simulations at order n when starting from the risky steady
state (Lombardo and Uhlig 2018). For generalized impulse responses, we give explicit formulas
that are almost identical to their MIT shock counterparts, but with corrections for expected size
or size-history dependence as well as time-varying precautionary effects. Finally, for moments,
we obtain parsimonious formulas using a formal perturbation of the moments of the nonlinear
model. We show that evaluating covariances at any horizon using the first-order solution as in
Auclert et al. (2021) is accurate to third order, and augmenting this with some terms from the
second- and third-order solutions increases accuracy to fifth order.?

The only requirement of our approach is the ability to compute nonlinear responses to MIT

3These moment formulas differ from the more conventional approach of directly evaluating moments of the pertur-
bation approximation, as in Andreasen et al. (2018).



shocks, allowing for deterministic perturbations to expectations, and to repeatedly differentiate
these solutions around the steady state. However, since a naive implementation via numerical dif-
ferentiation of a nonlinear general equilibrium routine would be prohibitively slow, we introduce
additional results that allow for much more efficient computation. First, we introduce a “one-shot
principle” that bypasses the general equilibrium nonlinear fixed point in sequence space: instead,
we show how the kth-order solution can be obtained by evaluating equilibrium conditions on the
k — 1th-order solution, finding the kth-order error, and then applying the inverse Jacobian used
to solve the first-order system. Second, we show how analytical differentiation that exploits the
envelope theorem and handles the interaction between moving kinks in policy functions and the
smooth distribution can further speed up the code by almost two orders of magnitude. Overall,
these improvements bring down the time to obtain a complete third-order solution of a HANK
model to under 5 minutes.

Our primary application is a standard though “smooth” heterogeneous-agent model, first in
partial and then in general equﬂibrium.4 In partial equilibrium, we study the response to income
shocks—finding that, as expected from the concavity of the consumption function, the second-
order term for contemporaneous consumption is negative. Interestingly, however, we find that the
second-order terms for consumption in subsequent periods are positive—so that, as we scale up an
income shock, the delayed effect on consumption increases more than proportionally. This result
extends to a general equilibrium HANK setting where income fluctuates due to deficit-financed
transfers. Prior work has argued that such delayed consumption effects were partly responsible
for sustained high demand in the US after the 2020-21 fiscal interventions (e.g. Auclert, Rogn-
lie and Straub 2023). Our finding that these delayed effects get even stronger for large shocks
strengthens this argument, given the unprecedented size of these interventions.

We also study how the impact transfer multiplier varies with the level of current economic
activity. We find that the multiplier can be twice as large in recessions, when the economy is de-
pressed, balance sheets are weak, and MPCs are high. We show that this result hinges on demand
shocks being a dominant driver of fluctuations, as found by our estimation procedure for the US
over the 1966-2025 period. When instead only supply shocks are present, the effects are flipped,
with multipliers being slightly larger in expansions. These findings may help explain why the
empirical literature on the state dependence of fiscal multipliers has generated mixed results (e.g.
Auerbach and Gorodnichenko 2012 vs. Ramey and Zubairy 2018).

Our second main application is a menu cost model with idiosyncratic shocks in the spirit of
Golosov and Lucas (2007). For that model, we study how the responsiveness of inflation to nom-
inal cost shocks is affected by the current level of inflation. In line with other recent studies that
use similar models (e.g. Blanco, Boar, Jones and Midrigan 2024), we find a significantly higher

responsiveness of inflation to costs in times of high inflation.

“The “smooth” model is a standard incomplete market (SIM) model with a persistent-transitory income process, but
where the i.i.d. income shocks are drawn from a smooth density rather than a discrete distribution. As we discuss,
this feature of the model is important to make the model differentiable to second and higher order, overcoming the
difficulties with the non-smooth model highlighted by Bhandari et al. (2023).



We conduct extensive accuracy checks throughout the paper. First, we test our third-order
sequence-space perturbation routines on small state spaces by showing that, in versions of a neo-
classical growth model with N countries, they deliver exactly the same solution as third-order
state-space perturbation, though the sequence-space approach becomes much faster and memory-
efficient as N gets large. Second, we compare our partial equilibrium heterogeneous-agent model
solution to that obtained from a global solution, which is attainable via a Bellman approach. We
find that third order perturbation gets very close to the global solution. We also show that it is
much more accurate than a perfect-foresight solution, since the former captures the effect of aggre-
gate precautionary savings on MPCs that the latter misses. Finally, we show that the non-risk com-
ponents of the third-order perturbation solution are very close to the nonlinear perfect-foresight
solution for shocks of plausible magnitude, persistence, and distribution. This contrasts with the
finding of significant deviations between the third-order and the nonlinear perfect-foresight so-
lution in Bianchi and Kaplan (2026). As we show in appendix D, such strong nonlinearities tend
to appear only when most or all of the following apply: very large shocks, lump-sum transfers,

purely transitory shocks, and a focus on impact rather than cumulative responses.

Related literature. The two closest existing papers to ours are Lan and Meyer-Gohde (2013b)
and Bhandari et al. (2023). Lan and Meyer-Gohde (2013b) studies a nonlinear sequence-space
solution of the same form (a “nonlinear moving average”) and its perturbation solution up to
third order, also known as a Volterra expansion. Our paper differs in how we compute this solu-
tion: Lan and Meyer-Gohde (2013b) use techniques that parallel the state-space solution,” while
we introduce the certainty correspondence, allowing us to obtain the solution using exclusively
perfect-foresight methods.

Bhandari et al. (2023) perform second-order analytic differentiation of heterogeneous-agent
models, and also arrive at a second-order Volterra expansion. They further evaluate the terms
in this expansion by applying directional derivatives in a way that economizes on state-space
computations. We differ by deriving the certainty correspondence, yielding an alternative com-
putational strategy that connects to nonlinear perfect-foresight solutions—which, thanks to our
smooth model, we can implement with numerical differentiation. We also cover the third-order
solution in detail, while Bhandari et al. (2023) only explicitly implement the second order.”

Another closely related paper is Lombardo and Uhlig (2018), which uses a nonlinear sequence-
space solution to explain why the state-space perturbation solution should be pruned: namely, be-
cause this makes it equivalent to the perturbed sequence-space solution (see also Lan and Meyer-
Gohde 2013a). We re-derive this important result in our setting. Unlike our paper and Lan and

5As they note in footnote 21: “Thus, our nonlinear moving average solution parallels nonlinear state space solu-
tions in a manner analogous to the linear case, where the recursion is in the coefficients as opposed to the variables
themselves.”

®In addition, as we discuss in appendix B.2, the certainty correspondence as we define it does not hold in the Lan
and Meyer-Gohde (2013b) framework, because of a difference in where expectations are taken.

7See also Rion (2026) for an implementation of the Bhandari et al. (2023) method in Dynare, and a reconciliation of
this method with the sequence-space approach to first order.



Meyer-Gohde (2013a), however Lombardo and Uhlig (2018) and Bhandari et al. (2023) only track
the finite history since time 0, which makes their sequence-space solution vary with ¢.

Our paper also connects to the broader state-space perturbation literature, including the sem-
inal work of Schmitt-Grohé and Uribe (2004) and Kim, Kim, Schaumburg and Sims (2008), and
the pruned state-space system of Andreasen et al. (2018). Several recent papers, including Bilal
(2023), Reiter (2023), and Bayer, Luetticke, Weiss and Winkelmann (2026b), have extended state-
space perturbation to the heterogeneous-agent context. For rich enough heterogeneity, however,
this can require significant “model reduction”—as the size of a second-order state-space solution
is cubic in the dimension of the state, and becomes prohibitively large and costly when this di-
mension is high, as we show in appendix E.7. To our knowledge, our work is the first to point
out the certainty correspondence result, and also to obtain a third-order solution, without model
reduction, in the presence of substantial heterogeneity.®

Finally, our paper is connected to a literature that seeks “global” solutions to heterogeneous-
agent models to study the effect of aggregate risk beyond first order. This literature uses a variety
of approaches, such as neural networks (Kase, Melosi and Rottner 2022), deep learning (Han, Yang
and E 2021, Azinovic-Yang and Zemli¢ka 2025, Druedahl, Huleux and Ropke 2026), structural re-
inforcement learning (Yang, Wang, Schaab and Moll 2025), and alternative methods based on sim-
ulating specific paths (Lin and Peruffo 2024, Lee 2025, Adjemian and Juillard 2026).” We view this
literature as highly complementary. While our test against a global partial equilibrium solution
performs well, global solutions may be useful for general equilibrium models with sufficiently
large nonlinearities. Even then, our easy-to-obtain third-order perturbation solution can be used
as a seed for global methods, as well as a benchmark to verify against. The extent to which global
solutions differ from the third-order solution for typical general equilibrium heterogeneous-agent
models remains an intriguing open question.

2 Framework

2.1 General setup

We consider a model driven by an exogenous shock process €; with i.i.d. innovations.!’ In the

model, the endogenous variable X; € IR" is determined at t to solve the system of equations

F (Xt—llXt/ IEt [Xt—‘rl] /et) - 0/ (1)

8 Auclert, Rognlie, Straub and Tapak (2024b) use a second-order perturbation approach to solve for zero-th order
portfolios and steady-state risk premia in a model with portfolio choice. Future work could combine this approach
with the methods from this paper to solve for time-varying risk premia.

9Like our method, Adjemian and Juillard (2026)’s stochastic extended path (SEP) method also augments nonlinear
perfect-foresight transitions to incorporate the effect of aggregate risk, but it does so by simulating and then integrating
over shocks for a finite number of future periods, while our method is exact to the perturbation order considered for
recurring aggregate risk over an infinite horizon, and does not require simulation.

We assume a single exogenous shock for notational convenience. Results generalize in a straightforward way to
multiple exogenous shocks; see appendix B.7 for details.



with F mapping (]R”)3 x R to R". Our results apply for any 7, but they are especially useful when
n is large—for instance, in discretized heterogeneous-agent models, where typically n > 1000.

The expectations in (1) are taken assuming that €; = 0&;, where &; are drawn i.i.d. from a dis-
tribution that is symmetric around zero, has unit variance, and has bounded support, and ¢ is a
scalar that indexes the standard deviation of shocks. The actual, realized €; are given by €; = oré;.
Our objective is to solve the rational expectations case with o = oy, but our certainty correspon-
dence result will connect this case to perfect-foresight or “MIT shock” impulse responses, where
o = 0butog # 0.

A deterministic steady state of the model is a constant vector X € R” that solves

F(X,X,X,0) = 0.

A nonlinear sequence-space solution of the model around X is a continuous function X, satisfying
X(0,0,0,...) = X, such that
Xt =X (0./ €t,€-1,€t-2,.. ) (2)

solves equation (1) for all o and {e, €;—1,€;—2, ...} in some neighborhood of 0. This solution ex-
presses the path of X; as a function of anticipated risk and the infinite history of realized shocks.!!
A nonlinear state-space solution of the model around X, by contrast, is a continuous function g,

satisfying ¢(X,0,0) = X, such that
X = g (Xi-1,€,0) (3)

solves equation (1) for all X;_1, €;, and ¢ in some neighborhood of (X, 0,0). In this more common
solution concept, the history of past shocks is summarized by the n-dimensional lagged state
X;_1.'> We say that g is locally stable if it is differentiable around (X,0,0), and its derivative gx
there has all eigenvalues inside the unit circle.

We next make the following assumption, which parallels the usual conditions assumed in the
linear rational expectations literature (e.g. Blanchard and Kahn 1980 or Klein 2000.) Here F;, i, F3

denote the partial derivatives of F at the steady state with respect to its first three arguments.
Assumption 1. F is continuously differentiable in a neighborhood of the deterministic steady state, and:

a) det(F; + AF, + A?F;) = 0 has n roots |A| < 1 inside the unit circle, counted including algebraic

multiplicity, with no roots |A| = 1 on the unit circle.
b) The rank condition (A.1) is satisfied.

This assumption guarantees the existence and uniqueness of both a sequence-space solution

HNote that oz does not directly appear in (2): given o, only the realized sequence of €; matters for X;. This property
is also satisfied by the state-space solution (3). Continuity is defined using the £ norm.

2The state-space solution has a nonlinear vector autoregressive (VAR) form while the sequence-space solution has a
nonlinear vector moving average (VMA) form. It is a well-known result from time series (eg Hamilton 1994, chapter 10)
that, under a stability condition, linear VAR and VMA are equivalent representations of the same process. Proposition
1 shows that this equivalence also holds for nonlinear solutions of the model in (1).



and a locally stable state-space solution, as the following proposition shows.!?

Proposition 1. Assume that assumption 1 holds. Then both a nonlinear sequence-space solution X and
a locally stable nonlinear state-space solution g exist and are unique in a neighborhood of the steady state.

Furthermore, they are equivalent to each other in the sense that
X (U/ €t,€—1,€t-2,.. ') = g (X (U/ €t—1,€-2,€t-3,.. ') s €ty 0') . (4)

IfFis C", then g and X are also C".

In the state space, “global” solution methods attempt to solve for the entire function g. Since
this can be challenging, a popular alternative approach is to solve instead for a Taylor expansion
of the function g in (3) around the deterministic steady state (X,0,0): this is known as state-
space perturbation (e.g., Schmitt-Grohé and Uribe 2004, Fernandez-Villaverde, Rubio-Ramirez
and Schorfheide 2016.) Our sequence-space perturbation approach parallels state-space pertur-
bation: since solving for the function X" directly is challenging,'* we solve instead for a Taylor
expansion of the X function in (2) around the deterministic steady state (0,0,0,0,...).

Proposition 1 implies that state-space and sequence-space perturbation solutions are closely
connected. We review this connection, which has previously been established by Lan and Meyer-
Gohde (2013b) and Lombardo and Uhlig (2018), later in the paper, and use it to validate our
results. Our main theoretical contribution in this paper is instead to connect the sequence-space
perturbation solution to the perfect-foresight solution, X (0, €, €11, €2, . . .).

We finally note that since &; is distributed symmetrically around zero, the distributions of c&;
and —0¢€; are identical. This implies the following lemma, which we will use frequently.

Lemma 1 (Symmetry in ¢). Both g and X are even functions of ¢. Hence every derivative contain-
ing an odd number of differentiations with respect to o, provided it exists, is zero at ¢ = 0.

2.2 Examples

We use three simple model examples to illustrate our theoretical results. In section 5, we introduce
more complex models for advanced applications.

Example 1: The Neoclassical Growth Model. Our first example is a neoclassical growth model
with shocks, as in e.g. Schmitt-Grohé and Uribe (2004). We will use this classic model to verify
that our methods deliver the same results as standard state-space perturbation. In this model,
a planner maximizes the utility EY_ p'u(C;) of a representative agent, with CRRA period utility
u(C) = C™7/(1 — 1), subject to the feasibility constraint C; + K; — (1 — 6)K;_; = ¢#K* ;, and an

13We show in appendix A.2 that assuming continuous differentiability of F, the root and rank conditions are equiv-
alent to the invertibility of the sequence-space Jacobian system formed by the derivatives of F, which can be tested
following Auclert, Majic, Rognlie and Straub (2025).

l4Gee Azinovic-Yang and Zemlitka (2025) for a deep learning approach to solving X globally.



AR(1) shock process for log TFP a; = p,a;—1 + €;. The optimum in this model is characterized by

an Euler equation C, 7 = BE; [(1 -0+ ae”f“Kf‘_l) C;’l} .
To put this in the notation of (1), we define A\; = (1 -6+ oce“fK;"__ll) C, 7 to be the shadow

value of capital at ¢, and define X; = (a4, Ay, K, C;). Then we can stack

Ap — (1 -5+ oce“tK‘t":11> c "
C, " —BE:[A
F (Xt—lr X, By [Xt—i-l] ,et) = t ﬁ £ [ t+1] _
Cr+ Ky — (1 — 5)Kt—1 — eath,l

At — Palr—1 — €t

)

o O O O

Observe that, by appropriate choice of A;, we have cast the model in such a way that expecta-

tions at time t show up only through E;[X;1], fitting the framework in (1).

Example 2: The Smooth Standard Incomplete Markets (SIM) Model. We next consider a partial
equilibrium heterogeneous-agent model in which consumers face idiosyncratic income risk and
a borrowing constraint. This model is convenient because it can be solved globally in the state
space, and so we can verify the accuracy of our perturbation against this global solution.!> The

Bellman equation for a consumer with assets 4, persistent income state ¢, and discount factor § is

Via,e ) = Eg [maxu(c) +BEi[Vier(d'e', B)le,f

s.t. a +c=(1+r)a+ Zile+ Tr; a >a (6)

where u(-) continues to be CRRA utility, r is the interest rate, and Tr is a constant transfer. La-
bor income Z;Ce is made up of three parts: an aggregate component Z;, which follows an AR(1)
process, Zy — Zss = pz(Zi—1 — Zss) + €; with mean Zss, 0 a persistent idiosyncratic component e,
which follows a finite Markov chain with a fixed transition matrix I'l°, and an independent transi-
tory idiosyncratic component ¢, which is i.i.d. smoothly distributed with density f(-) realized at
the beginning of the period, with E[¢] = E[e] = 1. Patience  evolves independently of income
according to a finite Markov chain with a fixed transition matrix 18, with the overall transition
matrix between discrete states (e, ) denoted by IT = IT¢ ® ITF.

Appendix A.5 shows that this model can be put into the form in (1) by stacking the marginal
value function V,; at each discretization point into a vector v;, the distribution ®; at each dis-
cretization point into a vector ¢, and then forming the large vector X; = (v, ¢,, Ct, Z;), where
C: is aggregate consumption (the integral of the consumption policy across the distribution), such

15We thank Ben Moll for this suggestion.
(1 —Pz )Zss
sup [é]

16We consider values of og < , 8o that Z; remains strictly positive for any possible realization of &;.



that
Ot — V(Zt, ]Etvt—H)
— A(Z;, E L,
F(Xi—1, Xt, Et [Xiq1], €1) = P (Zt, Ervri1, @ 1) _
Ct - C<Ztl IEtvf+1/ ¢t—l)

2y — Lss — PZ(Zt—l - Zss) — €t

)

o O O O

for some functions V, A, and C representing respectively the Bellman equation, the law of motion
of the distribution, and the aggregation equation. Observe that here also, expectations at time ¢
enter as [E;[X;;1] because we have made the marginal value function v; an element of X;.

Appendix C provides more details for both the underlying smooth model and its computation.
There, we emphasize the importance of the smooth ¢ shock in making the overall model smooth:
the way we numerically implement them, V, ; is a differentiable function of a, ®; is a differentiable
function of a above the constraint 4, and C; is a differentiable function of Z;, each to order at
least three. By contrast, the model with a discretized ¢ shock, or with no ¢ shock at all, is not
differentiable beyond first order. As emphasized by Bhandari et al. (2023), this non-smoothness
significantly complicates the implementation of higher-order perturbation. We also show that
our introduction of a smooth distribution does not change the economics of the model—which,
conceptually, takes in a continuous income process anyway—or any of its first-order implications,
but merely adds the convenience of higher-order differentiability.

Our calibration, which is at a quarterly frequency, mostly follows Auclert, Rognlie and Straub
(2024a), with the smooth i.i.d. income process calibrated to the magnitude of transitory income
shocks inferred from Ganong, Noel, Patterson, Vavra and Weinberg (2025). We describe this cali-
bration in appendix A.5, and summarize our calibration parameters in table 1.

Example 3: The Smooth Intertemporal Keynesian Cross (IKC) Model. Finally, we develop a
New Keynesian general equilibrium version of the smooth SIM model, along the lines of the “in-
tertemporal Keynesian cross" model in Auclert et al. (2024a). This model constitutes a natural
use case for our method: since it features high 7 and general equilibrium, a global solution and a
state-space perturbation solution without model reduction are both similarly out of reach.

The underlying partial equilibrium problem is the same as in Example 2: households still
solve the Bellman equation (6), except that now Z; = (1 — 7;)Y; is equal to production net of taxes.
Production is from labor, Y; = N;, nominal prices are flexible, nominal wages are sticky, and
monetary policy maintains the ex-ante real interest rate equal to r at all times.!” The government’s
budget constraint is

Bi+wYi=(1+7rB1+Tr+G

The level of bonds B; is stochastic, and follows an AR(1) process By — B = pp(Bi—1 — B) + €18
with the government adjusting the tax rate 7; each period to meet this bond target. In equilibrium,

17Nominal wages are set by unions on behalf of households, with labor N; entering additively separably into the
utility function. Given the real interest rate rule and the fact that bonds are real assets, the resulting Phillips curve is
not relevant for the dynamics of real variables. The quantitative model in section 5.1 relaxes this assumption.

18Here again we consider og low enough that B; stays strictly positive for any possible realization of &;.
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Table 1: Baseline calibration of heterogeneous-agent models

Parameter Description Value

Standard incomplete-markets model (partial equilibrium)

r Real interest rate 0.005

% Risk aversion 1

Pe Persistence of persistent component 0.9767
o Innovation s.d. of persistent component 0.1964
oz Innovation s.d. of transitory component 0.0964
Br Low-type discount factor 0.95996
Bu High-type discount factor 0.99049
Z Aggregate non-transfer income 0.67

Tr Transfer income 0.14

A Aggregate assets 4
0Cy/0Zy  Aggregate MPC 0.2

0z Aggregate income persistence 0

o Aggregate income innovation s.d. 0.05

IKC model (general equilibrium)

Y GDP 1
B Government bonds 4
G Government spending 0.17
T Marginal tax rate 0.33
oB Bond persistence 0.95
o Bond innovation s.d. 0.05

the goods market must clear, so C; + G; = Y}, and the asset market must clear, so Ay = B;.

Appendix A.5 describes the calibration of this model—which is summarized in table 1—and
shows that it can be put in the form (1), described by equation (A.20). The important difference
relative to (7) is the addition of an aggregate market clearing condition. This reflects a key diffi-
culty of general equilibrium: due to the endogeneity (here) of aggregate post-tax income Z;, the
model can no longer be easily solved globally in the state space.

3 Certainty correspondence

In this section, we characterize the nonlinear sequence-space solution X'(c, €, €¢_1,...) to third
order in € and ¢. Our main contribution is to do so using only two kinds of objects: first, the
responses of the economy to up to three consecutive unanticipated shocks (or “MIT shocks”),
and second, the response of the economy to certain deterministic perturbations of expectations.
Remarkably, this “perfect-foresight information” is sufficient to obtain the higher-order solution
with aggregate risk.

3.1 First-order perturbation and certainty equivalence

We begin with the first order, which is already well understood. We evaluate the first-order Tay-

lor approximation of the sequence-space solution X" in (2) around the deterministic steady state
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(0,€1,€1-1...) = (0,0,0,...) (or 0 for short). We write X, = %(0) and X; = %(0). Assuming
differentiability, and noting that X, = 0 by lemma 1, this Taylor approximation is

Xi~ X+ Y Xej=xV (8)
j=0

Hence, to first order, X; — X is MA(c0) in €;. An important feature of (8) is that o does not appear
in Xfl). Anticipated risk does not affect the first-order solution.
To compute the M A(co) coefficients A that appear in (8), we define

xMT(v) = x(0,0,...,0,v,0...) )

v
~—
i
as the response to a single MIT shock of size v: a one-time, unanticipated shock at date 0, starting
from the deterministic steady state, and with perfect foresight in every period j after. Since 4] is

evaluated around this steady state and with o = 0, we have:
X; = (X111)(0) (10)

Hence, the MA(o0) coefficients in (8) can be obtained as the local impulse response to an MIT
shock (see, e.g., Fernandez-Villaverde et al. 2016 and Boppart et al. 2018). This is an especially
helpful result for heterogeneous-agent models, since there are well-known procedures to calculate
this MIT shock impulse response in these models, both in partial equilibrium where a simple
backward-forward procedure suffices, or in general equilibrium where one can use the sequence-
space Jacobian method (Auclert et al. 2021). We summarize this result as follows:

Proposition 2 (Certainty equivalence). The first-order perturbation of X; in the sequence space is given
by Xt(l) in (8). The constant term is the deterministic steady state X, and the coefficients on past innovations
in the linear MA(oo) process are given by (10), so they can be obtained from linearized perfect-foresight

impulse responses.

The blue lines in figure 1 visualize the first-order impulse response of consumption &’ to a one-
time innovation to € in our partial equilibrium model (left) and our general equilibrium model
(right). In the PE model with an ii.d. process for aggregate labor income Z;, a unit shock to €
increases Z; by 1 on impact, and has no effect on Z; in subsequent periods. As a result, the left
panel traces out the intertemporal marginal propensities to consume 9C;/9Zy (iMPCs), with the
impact effect calibrated to 0.2, and spending remaining elevated in the following quarters. In
the GE model, a unit shock to € lowers taxes T; by 1 on impact and raises them slightly going
forward as bonds return to the steady state at rate pg. This triggers an intertemporal Keynesian
cross mechanism (Auclert et al. 2024a), with equilibrium spending and income following the same
pattern as iMPCs, but with a larger impact effect and slightly more persistence.

The black lines show the perfect foresight impulse responses to an innovation of size v = 0.10

(10% of quarterly GDP, equal to two standard deviations in our calibration), normalized by the size
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Figure 1: Impulse response of consumption over time, PE and GE

Note: The lines show the dynamic responses of consumption to a shock of size of 10% of deterministic steady state GDP divided by
the shock size. We set ¢ = 0 and assume the economy is at the deterministic steady state when shocked.

of the shock, (C]"VH T(v) — C)/v. The normalized impact effect is lower, but the effect is also more
persistent in both partial and general equilibrium. This is a general feature of nonlinear iMPCs
that we will discuss in the next section. For a shock of this magnitude, the difference between
the first-order and the nonlinear perfect-foresight solution is significant, as pointed out by Bianchi
and Kaplan (2026).

3.2 Second-order perturbation and certainty correspondence

We continue with a second-order Taylor approximation of X around the deterministic steady state.
We now write X = % (0), and similarly for derivatives with respect to o. Assuming second-

order differentiability, a second-order Taylor approximation of X; can be written as

2 2

°° 1 1
Xim X+ Y Xe j+ = Xoo0® +5 Y Xper_jer = X\ (11)
j=0 jk>0

This expression is also known as the second-order Volterra expansion of X;. It implies that, up to
constants, X; is a quadratic MA(oo) process in €;. By lemma 1, all mixed derivatives X;; are zero.

Using symmetry of mixed partials, the new second-order terms in (11) can be collected into
three distinct groups:

Xt( ) _ Xt( ) — EXU[,O'Z + > Z )C‘jjetzf] + Z Z /ijetfjet—k (12)
—_— j=0 j=0k>j
Risk
Size History

Different from the first-order expansion, there is now an explicit term that captures the anticipation

of future risk, %Xwaz. In particular, note that in the risky steady state in which agents continually
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anticipate aggregate risk, even though this risk never materializes (Coeurdacier, Rey and Winant
2011), we have ¢; = 0 at all dates, so the system is perpetually at X + 1 X-0%. Building on
this observation, we now show that all the new terms in (12) can still be computed with perfect-
foresight information from MIT shock responses and perturbed-expectation steady states.

For the size and history terms, since the derivatives X, are evaluated at the deterministic
steady state, we use the same connection to MIT shock responses as above. In particular, the size
effect in the quadratic MA expression, &Xjj, directly corresponds to the size effect in the MIT shock
response,

Ay = (XMT)"(0) (13)

Similarly, the history effect X, corresponds to the response to two subsequent MIT shocks. To see
this, define, for [ > 0,

XM (v,e) = X(0,0,...0,v,,0,...,0, € ,0...) (14)
j j+l

as the response to the following sequence of perfect-foresight (¢ = 0) experiments: first, starting
from the deterministic steady state, an unexpected shock of size € occurs, with no further shock
expected. Then, after | periods, a second unexpected shock of size v occurs, again with no further
shock expected, and we trace out the effect of this combination of shocks after j periods.!® Since
Xy is also evaluated around ¢ = 0, we have, for k > j that
g2 xMITk=]
Xy = ————(0,0 15
]k a v a € ( ) ( )
To characterize the risk term, we introduce the idea of a perturbed-expectations steady state. Con-
sider the steady state that obtains if the expectations of X are always shifted by a small amount
A € R", solving

F (XP#,XP%,XP% 4+ A,0) =0 (16)
Let XP**(A) denote the function implicitly defined by (16). Then, we have:

_ 0XP¥(Xyoo)

XO’O’ a(s 5—0

(17)
The intuition for this remarkable result is as follows. In the risky steady state with X; =
X+ %XWUZ = X*, (11) shows that expectations of the future are equal to the constant E;[X;;1] =
X* 4 3 Xpoo?. Hence, if we solve for the perturbed-expectations steady state (16) that obtains when
weset A = %XOQO'Z, we recover X*. Letting 6 = %(72 — 0 delivers (17).
Taking these results together, we obtain our second-order certainty correspondence result:

19Section 4.2 gives further detail about how to implement this sequence practically given an algorithm to solve non-
linear perfect-foresight impulse responses from steady state.
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Proposition 3 (Second-order certainty correspondence). The second-order perturbation of X; in the
sequence space is given by the quadratic MA(oo) in (11). The new coefficients Xjj, Xjx and Xy are respec-
tively given by equations (13), (15), and (17), so they can be entirely obtained from MIT shock responses
and a perturbed-expectation steady state.

A complete proof is given in appendix B.2. Again, what is striking is that only perfect foresight
information is needed for to construct all second-order M A coefficients. The effect of anticipated
risk only requires a perturbed-expectations steady state, with expectations perturbed by the antic-

ipation of one-period-ahead size dependence X{y.

Notions of steady states. Using the second-order solution, we have made a distinction between
the deterministic steady state X, with ¢ = og = 0, and the risky steady state X + %Xwaz, in
which ¢ > 0 but g = 0. There is also a further distinction with the ergodic mean, which is the
average value of the system when risk realizes at its expected value cg = ¢ > 0. This mean can be

immediately derived from (11) as
1 1
E[Xi] = X + 5 Xoo0? + 5} X0 (18)
j=0

While these notions all collapse to the deterministic steady state X in the first-order solution (8),
they generally differ from it in the second-order solution (see also Lan and Meyer-Gohde 2013b
and Bhandari et al. 2023 for similar expressions.)

Equivalence to pruned state-space. As shown by Lombardo and Uhlig (2018), the second-order
sequence space perturbation in (11) corresponds exactly to the so-called second-order pruned state
space solution (Andreasen et al. 2018). Indeed, Lombardo and Uhlig (2018) derive a theory of
pruning to any order based on this equivalence. We re-derive this result in appendix B.5, where
we show how to map the coefficients in a state space law of motion (derivatives of g) to those in
a Volterra expansion (derivatives of X’). Then, in appendix B.6, we use this result to verify the
accuracy of our routines: we check that, in the the neoclassical growth model, the pruned state-
space solution obtained using Kim et al. (2008)’s method, as currently implemented in Dynare,

numerically coincides with our sequence-space solution.

Prior work on sequence-space perturbation. Lan and Meyer-Gohde (2013b) also pursue pertur-
bation in the sequence space, and introduce the Volterra expansion in (11). Their paper obtains
expressions for the coefficients in this expansion in terms of the derivatives of the F function,
paralleling the usual approach to perturbation in the state space. By contrast, our result in propo-
sition 3 shows that we can solve for these coefficients using perfect-foresight impulse responses,
bypassing the need to explicitly obtain and manipulate derivatives of F. This is a significant im-
provement because obtaining these derivatives can be very complicated, especially in the case of
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Figure 2: Size dependence in the response of consumption to income shocks (PE model)

Note: The lines show the responses of aggregate consumption at f = 0 and ¢ = 1 for various shocks around the deterministic steady
state with ¢ = 0. All units are in % of deterministic steady state GDP.

heterogeneous-agent models.?”

Bhandari et al. (2023) also obtain a Volterra expansion closely related to (11), although their
risk term for them is a time varying X, reflecting a transition between the deterministic and the
risky steady state. They offer a construction for the coefficients X and X,,+ based on recursions
in the sequence space using directional derivatives, bypassing the need for a full state-space law
of motion, which is costly in heterogeneous-agent applications. The forcing term in their X,¢;
recursion is also &pp, and in the limit of t — oo, their X, converges to our &y,. By contrast, we
show how to explicitly construct the terms X and X; by solving perfect-foresight transitions
and a perturbed-expectations steady state. Our papers also differ because we cover the third
order case, and because we offer to compute derivatives numerically on a smooth model as a
benchmark, whereas they treat non-smooth model differentiability via generalized derivatives.

Application to heterogeneous-agent models. The orange dashed lines in figure 1 display the
second-order normalized impulse response (the time path of X; + %.ijl/ for aggregate consump-
tion) for a shock of size v = 20 = 10% of quarterly GDP, in partial and general equilibrium.

This second-order impulse captures a key feature of the nonlinear solution: in both models,
the impact effect is lower than the first order impact due to the concavity of the consumption
function (Xpo < 0), but the effect in later periods is higher, reflecting convexity in later periods
(Xjj > 0 for j > 0). This is a manifestation of the intertemporal budget constraint of agents, which
holds irrespective of shock size: any additional savings from period 0 must later be spent down
as agents return to their buffer stock of assets.

20Lan and Meyer-Gohde (2013b) also take a different starting point than (1) and write their model with the expecta-
tion operator on the outside of the F function, i.e. [E; [F (X;_1, X¢, X;+1,€:)] = 0. Our convention is useful because it
enables us to obtain the X, term solely via (17), rather than needing to take into account the interaction of risk in X; 1
with the nonlinearity of F (see appendix B.2). As our examples illustrate, (1) usually obtains without loss of generality.
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Figure 3: The risky steady state: aggregate savings and aggregate income uncertainty (PE model)

Note: The left panel shows the percent increase in savings in the risky steady state relative to the deterministic one as a function of .
The right panel shows the cumulative wealth distribution in the deterministic steady state, and in risky steady state for o = 0.05.

Figure 2 visualizes these results in a different way, by considering how the level of the con-
sumption response net of the risky steady state varies with shock size on impact (j = 0, left panels)
and at date 1 (j = 1, right panels) in the PE model (the results in the GE model are very similar
and displayed in appendix figure B.4). Here again, the blue line represents the linear approxi-
mation, and the dashed orange line the second order approximation: this has a concave shape at
date 0, and a convex shape at date 1, for the reason just discussed. Compared to the nonlinear
perfect foresight solution C]MI T(v) — C in the black line, for the range of shocks considered here
(aggregate income shocks of up to 10% of quarterly GDP), the second order approximation does
an excellent job, although the fit slightly deteriorates for very large shocks, as visible in figure 1.

We next turn to the "risk" effect X,,. While aggregate uncertainty affects all the elements of X,
we focus on the effect of ¢ on aggregate asset accumulation in the risky steady state in the partial
equilibrium model,?! with corresponding results for the general equilibrium model in appendix
figure B.5. Certainty correspondence allows us to obtain this in a straightforward way: we obtain
the impact size dependence A in the marginal value function v;, since this is the only term
entering with expectations in (7), and then solve for the risky steady state X, using (17).

Figure 3 visualizes the outcome of this procedure. The left panel plots the effect of aggregate
risk on risky steady-state aggregate assets as a function of ¢, in other words the term X,,0?
corresponding to total assets. The right panel plots the cumulative distribution function of assets,
both at the deterministic steady state and at the risky steady state with ¢ = 0.05. Perceived
aggregate risk makes agents save more at every point in the distribution, resulting in a rightward
shift of the cumulative distribution function and a significant increase in aggregate precautionary

savings. This shift lowers the mass of agents at the borrowing constraint by a significant amount.

2INote that this is closely related to the effect on aggregate consumption, since the consolidated budget constraint of
the economy is C =Y +rA.
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As a result, MPCs are significantly lower in the risky steady state, compared to the deterministic
steady state. This has important implications for the third order perturbation below.

The left panel of Figure 4 concludes this section by visualizing the three new types of terms
from the second-order perturbation as impulse responses to consumption. The dashed line shows
the constant positive effect on risky-steady state consumption from higher asset accumulation.
The blue line shows the contemporaneous size effect 1 3Xjj, which is negative and positive, re-
flecting the concave-convex pattern from figure 2. The orange line shows the lagged size effect
%XHL]‘H/ which is positive everywhere with a decaying pattern, because large past shocks lead
to additional asset accumulation, which is then spent down. Finally, the green line shows the
history effect X ;, 1, which has the same pattern as the contemporaneous size effect: a past shock
strengthens balance sheets and mitigates the impact consumption effect of a new shock, leading
to more saving and therefore higher spending later on. One benefit of our perturbation approach
over a global solution is that all these terms can be calculated and analyzed separately.

3.3 Third-order perturbation and certainty correspondence

We proceed with a third-order Taylor approximation of X around the deterministic steady state.
We continue to write X = #“faek/ (0), and similarly for derivatives with respect to o. As-
suming third-order differentiability, and using lemma 1 again to observe that all mixed derivatives

X, jx are zero, a third-order Taylor approximation (Volterra expansion) of X; can now be written as

O\\*—‘

) 1 0 o0 0 3
X~ XP 43 Y Ao+ 5 LY Y Kwerojerserw = X 19)
j=0 j=0k=0k'=0

where Xt(z)

is the second-order Volterra expansion in equation (11). Hence, to third order, up to
constants, X; is a cubic MA(o0) process in €;.
The new term on the right in (19) corresponds to all triple interactions of shocks, and using the

symmetry of mixed partials again, can further be rewritten as

00 00 0

Z i€ 5 ZZ €€tk + 5 ZZ ke i€+ Y)Y Xjkwer j€r_k€rp
—Jj ]

] —0k>j ] 0k>j j=0k>j k'>k

These correspond, respectively, to cubic size dependence, the interaction of quadratic size depen-
dence with history, the quadratic size history effect, and the history effect from the interaction of
two past shocks. Just like with second-order certainty correspondence, these terms are all straight-
forwardly related to corresponding MIT shock responses. Indeed, for j > 0 we have

X = (xM11)"(0) 20)
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while for k > j we have

3 MITk=j 33 MIT k=
X = —2L—— XN = —2—— 21
Iik 02vde (0,0) and X ovd2e (0,0) @)
Finally, we introduce for j > 0and I’ > 1 > 0,
XM (v,e,€') = X(0,0,...0,v,0,...0, € ,0,...,0, € ,0...) (22)
j j+l j+

as the response to three consecutive MIT shocks, with the first two separated by I’ — I and the
second and third separated by I, again starting from the deterministic steady state and with no
anticipation of a further shock at any point. Then, for k' > k > j we have

B MITh=jK =]

Xoppp = —21
Kk dvoeode’

g (0,0,0). (23)

This completes our characterization of the third-order size and history terms in (19).

The remaining term in (19) is that emerging from the €;_jo? interactions. This term quantifies
both how the presence of aggregate risk affects the impulse response to shocks, and how the
occurrence of past shocks affects the precautionary motive. Appendix B.3 shows that the overall
effect is in fact the sum

Xooj = (Xoo) "™ + (Xoos) ™" (24)

where rss stands for “risky steady state”, and tvp for “time-varying precautionary”.

The rss term in (24) corresponds to the perfect-foresight response to a small shock starting from
the risky steady state.?? The tup term, on the other hand, captures the effect that a shock that hit j
periods ago has on agents’ behavior by changing their perception of risk XOO]-”;.

To define these terms formally, we introduce the notion of a perturbed-expectations transition,
which we define as the deterministic transition emerging from a sequence of perturbed expecta-
tions A; € R", one for each j > 0, and a shock of size v at j = 0, solving

pt pt ~opt —
F(X!, XV, X+ 8,01 ) =0 (25)

with boundary conditions X" tl = im0 X]P ! = XP(Ay). Then, denoting by X]Ft({Ai},l/) the
function implicitly defined in (25), the rss term corresponds to the effect of a small shock v given
a constant perturbation of expectations Xpod,

aZX]Pt ({Xgo(s, Xoo(s, .. .},1/)

(Aeoj) ™ = 900V

(26)
o=v=0

22The rss term is the one solved by the literature that performs “perturbation around the risky steady-state” (e.g.
Andreasen, Caggiano, Castelnuovo and Pellegrino 2024). However, while our approach leads us to solve for the rss
and the tvp term separately, a consistent stochastic perturbation delivers the sum of the two, i.e. (24).
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Figure 4: Decomposing second and third order impulse on consumption (PE model)

Note: Panel (a) shows the contribution of second-order terms to consumption following two consecutive shocks at t = —1 and t = 0.
Panel (b) shows the contribution of different sets of third-order terms following three consecutive shocks at t € {—2, —1,0}. All shocks
have size 10% of deterministic steady state GDP and ¢ = 0.05.

while the tvp term is the effect of a time-varying sequence of expectations X ;116 when v =0,

aX]Pt ({ X019, Xo029, - ..}, 0)
)

t
(erj) = (27)
6=0

This completes our argument that we can obtain all the terms in the third-order perturbation using

perfect-foresight information.

Proposition 4 (Third-order certainty correspondence). The third-order perturbation of X; in the se-
quence space is given by the cubic MA(o0) in equation (19). The coefficients on the new terms are given by
equations (20), (21), (23), (24), (26) and (27), so they can be obtained with perfect-foresight information.

We prove the proposition in appendix B.3. To our knowledge, this characterization of the
third-order solution is completely new: although Lan and Meyer-Gohde (2013b) gets closest by
deriving the Volterra expansion for the third-order sequence-space solution, they do not connect
the terms in their expansion to the perfect-foresight solution, or interpret the X;,; term in terms
of the two effects in (24). Again, our solution coincides theoretically with a pruned third-order
state space perturbation, and in appendix B.6 we verify that it does in practice against the Dynare
implementation of the Andreasen et al. (2018) formulas on the neoclassical growth model.

Application to heterogeneous-agent models. We continue to illustrate these results using our
smooth SIM model in PE and GE. Figure 1 shows that the fit is now almost exact compared to
nonlinear perfect foresight: the dash-dot green line (which shows the terms & + %ijv + %X]-]'jvz
for v = 10% of quarterly GDP), is nearly identical to the solid black line in either model. Figure
2 shows that this continues to be the case for shocks of up to 10% of quarterly GDP in the PE
model, and Figure B.4 shows the same for the GE model. Hence, compared to the nonlinear
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perfect foresight solution, a third order perturbation works extremely well in our context: it not
only captures the basic concavity /convexity patterns of nonlinear iMPCs, but also corrects for the
changes in this curvature in a way that extrapolates well for fiscal shocks of a plausible size.

The right panel of figure 4 visualizes the new terms that come from the third order perturba-
tion. First, the purple line shows the X, term, reflecting the overall interaction of risk with the
impulse response. This term is negative on impact and positive later on, notably because of pre-
cautionary savings at the risky steady state, which lowers MPCs on impact and raise them later
on. Next, the blue line shows the overall size effects from a combination of three shocks, and the
orange line shows the mixed size-history effects from sequences of large and small shocks. These
terms have the opposite shape as the risk term. Finally, the green line visualizes the interaction
term from a sequence of three shocks, which can be interpreted as the additional effect on the
impulse response of consumption from the presence of two shocks at periods t = —2and t = —1,
relative to the effect of either in isolation. This effect is quite small (compare the magnitudes on
the right and the left panel of figure 4), reflecting fast decay in history terms that is suggestive that

a fourth order approximation will likely not add much additional precision.

3.4 Generalized impulse response functions and model moments

Two objects of wide interest in applied research are the model’s generalized impulse responses
and its ergodic moments. This section shows how to solve for both using the second and third

order sequence-space solution.

Generalized impulse response functions. A common way to summarize the behavior of the
model is in terms of its impulse responses. We define the generalized impulse response (GIRF)
of X as the revision of the forecast of X, j periods ahead due to an innovation to € at date ¢,
I RF]-X = E¢[X4;] — E;-1[X;4;]. This revision generally depends on the size of perceived shocks o,
on the size of the date-t innovation v, and on the state entering period ¢, though it does not further
depend on the calendar time ¢ beyond these states. If we consider a state-space solution (3), then
the state entering date t is X;_1,

IRF; (v, X;—1,0) = E [Xyyjler = v, Xi—1,0] —E [X14j| Xi—1,0] j>0 (28)
while if we consider a sequence-space solution (2), then the state is {et_k},c?:l,
[RE; (v {errtrr,0) =E [Xt+j’€t =v,{er}rq] —E [Xt+j‘ {eritry] j=0 (29)

Proposition 5 (GIRFs). Given history summarized by past shocks {€;_;} -, the second and third order
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GIRFs are given, respectively, by

2 1

IRF].( Vv, 0) = Xy + 5 &ji (v —o?) + kZ: Ve ( (30)

>j

1
IRE? (v,0) = 11{1—"].(2)(1/,0)+E (ng,jJrO;'Xiij) N X+ 5 <Z k€ ]>(1/2—(72)
i<j

+ Z k€T (k- ]V+Z Z k! €1 (k—j) €1— (k' —j) V- (31)

k>] k>j k' >k

Unlike the first order impulse response, the second-order GIRF is both size- and history-
dependent. Size dependence comes from the second term in (30) and gives rise to concavity in
v if Xj; < 0 and convexity otherwise. The correction —? emerges because agents anticipate a
non-zero value of X due to future size dependence (see also Andreasen et al. 2018). History de-
pendence comes from the last term in (30) and captures how a past innovation k — j periods ago
changes the impulse response to a new shock by an amount proportional to X.

The third-order GIRF (31) similarly contains additional terms from the third order perturba-
tion. For instance, the impulse response around 0 is modified by an amount that scales in risk ¢

due to both time-variation in precautionary savings and mixed size-history dependence.

Moments and moment-based estimation. The ergodic moments of the model are an object of
broad interest, in particular for applications to estimation. A typical approach in the literature is to
use the moments from the perturbation approximation—for instance, second moments calculated
from the M A(o0) implied by the first-order approximation are routinely used to estimate models
via method of moments or likelihood methods (e.g. Auclert et al. 2021). Here, we ask how these
calculations relate to the perturbation of the primitive ergodic model moments as a function of o,
and show that we can calculate fifth-order accurate moments using the third order approximation
derived above.

In particular, for vector-valued X;, we are interested in the autocovariance matrix
Y, (o) = Cov|X(0,0¢ét,08i-1,...), X (0,064,086 _p_1,...)] (32)

Assuming that € has the same moments, up to at least fourth order, as a standard normal distri-

bution,? the following proposition characterizes X, (c).

Proposition 6 (Ergodic moments). A fifth-order accurate solution to the autocovariance matrix (32) is

Y (0) = 0* X0 + 04Ty 4 + O(0)

23This additional assumption is only required for the fourth-order term ¢*X;, ;. Our original assumption of symmetric
€ is sufficient for the 0’22;1/2 to be accurate to third order.
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Figure 5: Ergodic moments and GIRF (PE model)

Note: The figures show the variance and first autocovariance of consumption normalized by 2, computed using Proposition 6. The
third order approximation is computed by setting ¥ 4 = 0, and the pruned second order approximation is obtained by setting third-
order terms to zero when computing ¥, 4. GIRFs are computed as in (31) assuming past shocks {€_;};-, are zero.

where Xy = Y520 XpiX;| is the autocovariance matrix of the first-order perturbation solution, and

Zh/4 — = Z Z Xh+l‘,h+]‘Xl’;’r + ~ Z (Xh+lX0—’|:71 + XUU,I/FH“X;'T> + by Z Z (‘Xh‘HXZ;; + Xh+l,]]XlT) .
2= =0 25 25 j=0

Proposition 6 shows, first, that the second-moments calculated from the first-order solution
are accurate up to third order in ¢. This provides a justification for the typical procedure in the
literature. The proposition further offers a correction to the moments that is accurate up to fifth
order. This correction involves the second and third derivatives of X', which we have shown how
to obtain in sections 3.2 and 3.3 respectively. Notably, however, it does not require all terms from
the second and third-order solutions: for instance, the triple interactions X with three distinct
indices, which are the most numerous and therefore computationally intensive part of the third-
order solution, do not appear.*

Figure 5 illustrates these results by visualizing the ergodic variance of consumption Var(C;)
and the first order autocovariance of consumption Cov(Cy, C;—1), normalized by income shock
variance o2, for different values of ¢. The horizontal blue line shows the third-order accurate ap-
proximation to variance—the usual term obtained in the literature, including from typical Dynare
output—which is constant once normalized by ¢2. The orange line shows how this term is modi-
fied in a fifth-order accurate approximation of the moments. For large aggregate shocks (¢ ~ 0.10),
the scaled ergodic variance is around 12% lower, and the ergodic autocovariance around 2%
higher. The figure also shows, in dash-dot green, the moments that one would obtain if one
naively computed moments from the pruned second-order solution without properly expanding
X (o) in 0. Mathematically, this ignores the second and third terms in the expression for X 4. In

24This is in contrast to the more common approach in, for instance, Andreasen et al. (2018), where the entire second-
or third-order pruned perturbation solution is used when approximating autocovariances. Our derivation shows that
other components of the solution are not needed for fifth-order accuracy—and while they might be needed to higher
order, an even higher-order approximation to moments would involve terms from the fourth- and fifth-order solutions.
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this example, these pruned second-order moments correct the variance and autocovariance in the
wrong direction relative to fifth-order accurate moments.

To conclude, using fifth order accurate moments can make a significant difference in certain
applications, and these moments are obtainable by computing only certain parts of the third-
order sequence-space solution, making it especially computationally efficient to do so. Armed
with these moments, we can estimate model parameters using a generalized method of moments

approach: we provide an example of this procedure in section 5.1.

Other applications of the Volterra expansion. The Volterra expansions in (11) and (19) can be
useful for other purposes if we are willing to make assumptions on the distribution of the shocks
€;. For instance, in section 5, we assume a normal distribution of shocks and obtain the full ergodic
distribution of the second-order solution. Alternative applications may also be possible, though
are potentially computationally challenging: those include likelihood-based estimation, extending
the method for the first-order solution in Auclert et al. (2021), or filtering unobserved shocks,
extending the method for the first-order solution in Rigato (2026).

3.5 Comparison to global solution

A key benefit of our partial equilibrium model is that it is possible to solve it globally using a

Bellman equation approach. Indeed, the model in (7) can also be written as:

V(ae B Z) = Eg max u(c)+ BE[V(d,e,p',Z" e, BZ]
s.t. a+c=1+r)a+ ZZe+ Tr; a >a (33)
zZ' — Lss = PZ(Z - Zss) +€

Solving this Bellman equation directly delivers the state space solution X; = 9(Xi-1,€t). By con-
trast, our general equilibrium model cannot be cast in this form: as Yang et al. (2025) point out, the
market-clearing level of output Y; (and therefore of post-tax income Z;) does not have a Markovian
structure, so a similar strategy is not available.

We implement the global solution as follows. Since Z; isi.i.d. in our main calibration, pz = 0, it
does not even need to enter as a state variable in the Bellman equation (33). We assume a normal
distribution for € with standard deviation ¢ and compute expectations with respect to € using
Gauss-Hermite quadrature with 9 nodes. We then compare our resulting global solution to those
from the third order perturbation.

Figure 6 provides this comparison. We first consider how aggregate savings vary with ¢ in the
ergodic mean of the model (panel a), and the distribution of assets in the risky steady state (panel

c).” Figure 6 shows that our third-order solution is extremely close to the global solution. Panel

Z5We obtain the risky steady state in the global solution by considering the idiosyncratic steady state that results
when all agents follow the policy c(a,¢, B, Z = Zs;).
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Figure 6: Testing global solution vs 3rd order sequence space

Note: Panel (a) shows the ergodic mean of aggregate savings in levels. Panel (b) shows MPCs, defined as dCy/0Zy, which for the
third-order solution correspond to Xp + %Xmgaz. Panel (c) shows the cumulative wealth distribution for ¢ = 0.05. Panel (d) shows
the cumulative response of consumption to a one-time income shock of 10% of deterministic s.s. GDP. Perfect foresight starts from the
deterministic s.s.; global and third order responses start from their respective risky s.s.

b of figure 6 compares how MPCs fall in ¢ and finds that up to o ~ 0.05, the third-order solution
provides an excellent fit. For larger o, MPCs fall by less in the global solution.

Finally, we consider a notion of impulse response, where in the global model we start from
the risky steady state and then consider the effect of the sequence of shocks (€0, €1,€2,...) =
(0.1,0,0,...).%° Panel d shows that this impulse response is well approximated by the third or-
der solution, though it undershoots slightly on impact. By contrast, the perfect foresight solution
overshoots the global solution on impact as it misses that aggregate risk reduces MPCs.

In summary, the third order perturbation and the global solution get extremely close up to the
third order in our PE model, which is comforting. An important question remains to determine
how much the global solution adds to the third order perturbation in more complicated, general

26This differs from the usual impulse response concept because it does not trace out the expected outcome on average,
but is more easily obtained than a generalized impulse response in the global solution.
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equilibrium models, for which no standard global method exists.

3.6 How large are nonlinearities?

We have shown that perturbation in the sequence space works well: it approximates the perfect-
foresight solution accurately to third (and sometime also to second or first) order, and captures key
features of the global solution for a model in which we can compute that solution. This provides a
useful path to solving heterogeneous-agent models in which aggregate risk matters more broadly.

In a related context, however, Bianchi and Kaplan (2026) have instead argued that perturbation
works poorly, including up to third order, in comparison to the perfect foresight solution. In
appendix C we highlight that it is crucial to use a smooth model for higher-order perturbation. A
regular model with a discrete income process is not smooth: its distribution is a set of mass points,
rather than a continuous and differentiable density as in ours.?’

In fact, for the experiments studied in Bianchi and Kaplan (2026), we find in appendix D that
the third-order perturbation in our smooth model provides an excellent approximation for fiscal
shocks of up to 10% of quarterly GDP. Significant errors in the third order approximation relative
to the nonlinear perfect foresight solution only appear if most or all of the following are true: 1)
transfers are lump-sum instead of proportional, 2) transfers are one-time instead of persistent, 3)
one solely focuses on the impact effect instead of a cumulative one over multiple quarters, and 4)

transfers are larger than a plausible range for business-cycle fluctuations.

4 Implementation in the sequence space

Our certainty correspondence result showed that a complete third-order solution can be obtained
via derivatives of the responses of the economy to up to three consecutive MIT shocks, X, Xk, Xju,
as well as those of perturbed-expectations steady state and transitions, allowing us to obtain Xy
and X;;. In this section, we discuss efficient ways to compute these terms. We first describe a
“one-shot principle” that allows for such computations in general equilibrium while circumvent-
ing nonlinear fixed points. We then explain how to compute the X}, Xix, Xik1, Xoo and X,,; terms
practically using either numerical or analytical differentiation, discussing the speed involved with
each. Finally, we conclude with a comparison to state-space methods. A public code repository

illustrates our implementation.?®

4.1 General equilibrium and the one-shot principle

In many macroeconomic models, including in particular heterogeneous-agent models, the equa-

tions governing the perfect foresight solution X' (0, €4, €;_1, €;—», . . .) have a special structure, which

27Bayer, Briglia, Luetticke, Weiss and Winkelmann (2026a) make a similar point, and propose an alternative solution
based on the method in Bayer et al. (2026b).
28Gee https://github.com/shade-econ/higher-order.
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can be described as follows. First, given (€, €;_1, €, . . .), equilibrium can be reduced to the prob-
lem of finding the time path of a small set of “unknown” variables U = (U, Us11, U2, . . .), where
forall s > 0, U;4s € R™ with m < n, as a solution to a system of equations

H (U, e, €-1,€1-2,...) =0, (34)

where H = (Hy, Hy11, Hy4o,...), and for all s > 0, H;1s € R™. Second, there exists a simple func-
tion X (U, €1, €1-1,€1—2, . ..) such that, given the function U (e;, €;_1, €;—2, . . .) implicitly defined by
(34), the complete perfect foresight solution is given by

X (0/ €t,€—1,€-2,.. ) = ‘f (U (etl €—1,€-2,.. ) €, €4-1,€1-2, .. ) .

Both our heterogeneous-agent examples from section 2, for example, can be cast in this form
with m = 1. In the partial equilibrium model, U; = Z; is exogenous after-tax income, and equation
(34) takes the simple form Z; = Zgs + } 4> p’%et_k.zg In the general equilibrium model, U; = Z;
is endogenous after-tax income, and equation (34) can be written as A; ({Zs}) — B; = 0 at all ¢,
which requires solving a nonlinear fixed point for the time path of {Z;}, for any initial condition
(€t,€t—1,€t—2,...) determining both the path of future bonds B;,s and the initial distribution ®;_;.
This type of structure, where blocks of the economy interact via a limited set of m aggregates
so that general equilibrium can be reduced to finding the time path of these aggregates, is the
characteristic of the sequence space as described, for instance, in Auclert et al. (2021).

Nonlinear solutions in the sequence space, however, are computationally cumbersome: an
exact solution to the perfect-foresight system (34) requires a nonlinear fixed point for any choice
of (€t,€1-1,€1—2,...). Fortunately, a perturbation of order k only requires accuracy of up to order k
in the vector of €’s, and this can be obtained without a nonlinear fixed point, as we now show.

Let € = (€, €1-1,€t—2,...). We say that a function UK (e) approximates U(e€) to order k if it is
CF and satisfies

Ul(e) = U(e) + o(|e]).

The following result shows how to use such an order-k approximation to the unknowns to con-

struct, in a single step, an approximation of the whole sequence space solution of order k + 1.

Proposition 7 (One-shot principle). Let Hyy denote the sequence-space Jacobian of the H function at the

steady state (U, 0,0,...). Assume that H and X are sufficiently smooth, that Hy has a bounded inverse,

and that U (e) approximates U (€) to order k for some k > 0. Then, defining U+1)(e) and Xt[kﬂ] (e)as
uklie) = ul(e)—Hy'H (Uk(e),e), (35)
Xt[kﬂ] e) = X (U[k+1] (¢), e) )

we have that U+ (e) approximates U(e) to order k + 1, and ngﬂ} (e) approximates the nonlinear

2In the iid shock case with pz = 0, this step isn’t even necessary, and we can set n = 0.
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perfect-foresight sequence space solution to order k + 1, in the sense that
X[k+1} — X (0 k+1
p (€)= (0€)+o(]lel|")

Concretely, for given €, we can construct a sequence of order-k approximations Ull(e) by
forming ulol (e) = U, and applying (35) recursively k times. Alternatively, we can construct
Ul () as a Taylor polynomial of order k in €, and use equation (35) to get the order-k + 1 deriva-
tive.

The idea behind Proposition 7 is that (35) is a quasi-Newton iteration with the Jacobian fixed
at the steady state, which improves the accuracy of any error by one order in each step—hence
the name “one-shot principle”. A concrete implication of this result is that we can replace, in
the calculation of kth order derivatives of &, all nonlinear fixed points involving an unknown
and possibly large number of evaluations of H by only k nonlinear evaluations of H, each re-
equilibrated by the application of a pre-constructed inverse Jacobian H;;*.** This will turn out to
be critical in implementations of our method that rely on numerical differentiation, as described
further below.

A similar principle applies to steady state calculations. The equations for the perturbed expec-
tations steady state (16), specialized to finding the unknowns U, are given by H (U, A) = 0 where
H,U € R™, and A is the expectational shifter with A = 0 corresponding to the deterministic steady
state Us;. Then, given the Jacobian Hj; evaluated at that steady state, for any A we can obtain
steady-state unknowns accurately to order k via the recursions UK = ulk=1 — g H(UK-1, A)
starting from U = Us;,. This is relevant for practical implementation of routines to obtain the risky
steady state Xy, and the time-varying risk term X/, since those involve perturbations A to the

steady state routines.

4.2 Practical implementation

In practical implementations of algorithms, the function X’ described in the previous section takes
the form of a function X}MI T (v, X_,U) that, given a shock size v, an inherited state X_, and a set
of relevant aggregate variables U, gives us the date-j outcome of the economy after a shock at date
0. Using these functions, we can compute the nonlinear responses to one, two, or three shocks,
j > 0 periods after the latest shock, with a lag of I > 0 to the second shock and a lag of I’ > I to
the oldest shock, as:

XMW = X X0 X) )
X]MIT,I (v,€) = X]MIT (v, XMIT (&), U (1/, xMIT (e))) (37)
X]MIT’Z’V (vee) = X]MIT (1/, XlAfIlT,l’—l (e,¢'),U (1/, XlAfIlT,zf_l (e, e’))) (38)

30This idea is closely related to that, in state-space perturbation, of using only linear operations to solve for higher-
order terms once the first-order law of motion is known (e.g. Schmitt-Grohé and Uribe 2004, Kim et al. 2008).
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To get the effect on the economy from a single shock, we start from the steady state X, calculate
the unknowns U(v, X) implied by the system (34), and then use the X]MI T function to trace out the
perfect-foresight evolution out to period j. To evaluate two consecutive MIT shocks separated by
[ periods, we first solve the MIT response to the earlier shock € and use the resulting date-I state
XMIT (¢) as the inherited state when the later shock v arrives, as expressed by equation (37). To
get the effect of three consecutive surprise shocks, with the first two separated by I’ — I and the
next two by I periods, the logic is similar: we start from the inherited state XlAfllT’l/_l (€,€') after
periods of two shocks €, €’ that were I’ — [ periods apart, and trace out the effect of a completely
new shock v from that point onwards, as expressed by equation (38).

This approach allows us to numerically evaluate the derivatives Xj, Xjx, X required for the
certainty correspondence up to third order. Critically, we can use Proposition 7 to replace, in
the calculation of derivatives of order k, the nonlinear U by its k-th order approximation UK in

(36)—(38). For instance, to calculate the size-dependence term X; for any j > 0, we can use:

X = dZXM” X, U (v, x
i = X" (v X 0P, )

(39)
v=0
since this is a second derivative and therefore requires second-order correct unknowns.
Likewise, to get &}, we can follow a similar procedure, with (17) combined with the steady-
state version of the one-shot principle implying that we can obtain the unknowns in the risky

steady state as

_10H (Uss, Xood
UO'OZ_Hul—( Ss(s OO)

from which the &}, follows. Similar procedures, described in appendix E.2, apply to obtain the

(40)

remaining second and third order derivatives of X.

We conclude by noting that we typically do not need to compute or store every element of
AX. For example, our heterogeneous-agent applications, we may be interested in keeping track of
only a few aggregates such as post-tax income Z;, GDP Y;, consumption C;, taxes T; and bonds
B; (i.e. the elements of endogenous unknowns U; plus a few more), rather than the full evolution
of the marginal value function v; and the distribution ¢,. This lowers the number of derivatives
that need to be computed and kept track of to the number of aggregates we care about. To obtain
the risk terms for these objects, we need to compute the larger Xpp and Xy, but not the full X
or Xjx terms, and only for the part of the X; that enters the F function via expectations. In our
examples, this means computing impact size-dependence and mixed history-impact size for the

marginal value v;, but not for the distribution ¢,.

4.3 Choice of truncation

In practice, we need to truncate our solution in two ways. First, for solving any individual MIT
shock impulse response, we calculate up to some horizon T following the most recent shock. The
choice of T is discussed at length in Auclert et al. (2021), and we do not dwell on it here: it must
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be high enough that there is convergence back to the steady state to a tight numerical tolerance.
For our applications here, we use T = 300, which is sufficient.?!

Second, we must similarly truncate history dependence. In particular, when calculating (37)-
(38), we choose some terminal lag L, where 0 < I < I’ < L. From these MIT shocks, we can
calculate second-order coefficients of the form Xj;;, for0 < j < Tand 0 < [ < L, and third-
order coefficients of the form Xijv1jvis for0 <j< Tand 0 < I,I'” < L. These give us truncated
approximations to the second- and third-order expansions in (11) and (19).

To avoid truncation error, we must choose L high enough that the truncated approximation
is a good approximation to the overall expansion. There are several ways in which this can be
measured, and we will focus on two. First, we ask: what is the average error in a simulated nth
order approximation Xt(n), for random €—jr from truncating the series? Second, we ask: what is
the error in calculating moments from using a truncated series?

Figure 7(a) shows both notions of error for the second-order approximation to the IKC model
as a function of L, using a very long history at L = 300 as the approximate no-truncation bench-
mark. The orange line shows the root mean square error for simulated Xt(z), while the green line
shows the truncation error for the analytical standard deviation using proposition 6, with the
third-order terms dropped.®> We also plot the error for the analytical 1 = 5 autocovariance (pur-
ple), and the largest coefficient omitted by truncation (blue) for reference. We assume ¢ = 0.05, as
in figure 6, and normalize errors by the standard deviation of the first-order solution, so that the
errors in 7(a) are relevant to typical movement in the series.*®

All errors decay steadily on a log scale as we increase L, with a temporary dip between L = 100
and L = 150, corresponding to a sign change in the GE impulse response. Interestingly, the error
in calculating moments decays much more quickly than the average error in the simulated series;
this is because the second-order terms in proposition 6 enter quadratically, so that smaller terms
corresponding to high I quickly become irrelevant.

Of course, the L = 300 benchmark in panel (a) is often not available when choosing L in
practice. Panel (b) therefore constructs an internal estimate of the remaining second-order error,
using only coefficients calculated through the current L. We compare the errors contributed by
the two most recent blocks of 20 lags, extrapolate the rate of decay between them, and sum the
implied remaining tail. (See appendix E.3 for details.) At L = 100, this procedure produces an
estimate close to, though somewhat larger than, the benchmark error in panel (a)—suggesting
that the extrapolation is, if anything, slightly conservative.

Panel (c) applies the same idea to truncation of the third-order solution, holding the second-
order solution fixed at L = 100. Here, again, there is a steady decline in the error in log terms as L

increases, and errors in moments are smaller than average errors in the simulated series—though

31T must be quite large because increasing T affects the solution at every date before T, via the inverse T x T Jacobian
H Ll By contrast, increasing L does not change the solution for lags before L, making for a simpler accuracy check.
2For a precise estimate of root mean square error, we calculate it analytically rather than from a Monte Carlo simu-
lation. We assume that €; have the same moments as a standard normal; see appendix E.3 for details of the calculation.
3To keep units consistent, the autocovariance is normalized by the variance of the first-order solution.
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Figure 7: Truncation error in IKC (GE) solution by history length L

now they decay at a similar rate, because third-order terms enter linearly in proposition 6.

The dashed horizontal line gives our error target of 5 x 10~* for each order, which allows the
combined error from both orders to remain below 10~3. All diagnostics are comfortably below
this target at L = 100, motivating our use of L = 100 throughout the paper.

4.4 Numerical differentiation

The most straightforward approach to computing derivatives such as (39) and (40) is numerical
differentiation. For instance, we use numerical differentiation and the fake news algorithm of
Auclert et al. (2021) to form the Jacobian Hy;. This gives us the first-order solution for unknowns
Ul (1), and we can then obtain the X}’s via first-order symmetric difference:

MIT MIT
XMIT () — XMIT (~h)

;= 5 (41)
Moreover, to obtain (39), we compute the central symmetric difference:
XMIT (B) 4 XMIT (—p) — 2Xq
L j
X = - 2)

for an appropriate choice of /1, and using the one-shot principle for the underlying calculation
of U.3* For mixed derivatives such as X for k > j, a similar approach is also feasible. However,
given that we are typically computing X; and X anyway, a faster approach is to use the so-called
polarization identity:

X XU ) 4 X <k —h) = 2%+ X (43)
k= 212 2
~M1T hr 557 [2] 74)ss ~M1T I, Ass, [2] _}r 5SS - S8
34In other words, we implement ij ~ X (7 Xes, UP) (1 X ))+X’ h2( hXss U2 (—h Xes) ) —2X . In practice, we pick

U (1, X5) = Uss + Uyh + Uy 2.
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Figure 8: Testing step size h in numerical differentiation for impact output in IKC model.

This requires half as many evaluations of the X]MI 1 function, compared with a direct formula that
would use all four corners (+h, £1'), and is therefore about twice as fast. We use similar principles

for the risk terms and the third numerical derivatives X, as described in appendix E.4.

Choice of I and accuracy. The optimal choice of step size h in numerical differentiation, such
as in (41) and (43), balances error from higher-order terms that contaminate the result when # is
too high against error from roundoff and other noise that becomes inflated when & is too low.
To choose 1, we recommend recomputing some derivatives for a range of i, and finding the & at
which the results appear most stable. Figure 8 shows an example of this procedure, where we
recalculate size effects at first, second, and third order for various h. For this application, we find
that an appropriate & is 10~ for first order, 2 x 10~* for second order, and 10~3 for third order.
Local stability with respect to step size & is also an important test of whether numerical differ-
entiation is working properly. In our case, this works because the underlying model is smooth—
but in nearly identical models without the same smoothness, the second and third numerical

derivatives can be highly unstable, as we show in figure C.7.

Computational speed. The first column of table 2 displays computation speed on an ordinary
laptop for implementing a second and third order solution this way. The table first reports the
time spent in pre-computation, to obtain the model steady state as well as other setup such as
calculating the steady-state Jacobian Hy; and the sequence-space Jacobian Hy;, which we do using
the fake news algorithm in Auclert et al. (2021). The table then reports times to compute the second
and the third-order solution for the two heterogeneous-agent models in section 2. In addition to
times used to obtain the full second and third order solution, which require respectively all terms
(Xik, Xow) and (Xjy, Xyoj), we also report the time required to compute the ergodic moments
implied by these solutions. As shown in proposition 6, those only involve a subset of the X
derivatives.

A few observations stand out. First, solving the general equilibrium takes almost exactly the

same time as solving the partial equilibrium. This is due to the one-shot principle, which calcu-
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Model Object to compute Type of differentiation

Numerical Analytical

. Steady state 40s 40s
Pre-computation Other setup 0.0s 12s
(needed for PE & GE) First-order solution 10.2s 0.3s

RSS and ergodic mean 16.0 s 0.5s
Second-order solution 47 m 10.6 s
SIM model (PE) Moments to fifth order 12.7 m 14.7 s
Third-order solution 3.7h 45m
RSS and ergodic mean 15.3s 04s
Second-order solution 4.7m 10.7 s
IKC model (GE) Moments to fifth order 154 m 16.8 s
Third-order solution 39h 44m

Note: Times are cumulative within each block (pre-computation, SIM model and IKC model).

Table 2: Computation speed for sequence space solution

lates the endogenous unknowns using only linear operations in addition to the work done for
partial equilibrium. Second, the time taken depends mostly on how many X" derivatives are cal-
culated. For instance, calculating the RSS and ergodic mean only requires computing a single
size-dependent impulse response of Xj; and the resulting X7, while calculating the full second-
order solution involves a much larger number of history terms X;. Similarly, using proposition 6
to calculate fifth-order accurate moments requires only mixed size-history terms of the form X
and the resulting Xy, rather than the much larger number of triple interactions Xjy;.

Most of the times reported here are quite practical, but the full third-order solutions are costly,
at roughly 4 hours. These solutions are only necessary, however, if we want to explicitly simulate
the third-order solution in for a history of shocks of length at least L.* If we are only interested in
fifth-order accurate moments that summarize the solution, however, then a much shorter calcula-
tion suffices.

4.5 Analytical differentiation

While numerical differentiation is always available, we can achieve significant gains in speed,
and also slightly higher accuracy, by using analytical differentiation. The general idea is to sys-
tematically apply the chain rule to our nonlinear routines to obtain derivatives, as in automatic
differentiation (Griewank and Walther 2008).

Rather than using a canned automatic differentiation package for these computations, how-
ever, we manually differentiate each step of our routines and write code to accumulate the deriva-
tives. This is for several reasons. First, the economics of the model simplify some of the deriva-

351f we only wanted to simulate the third-order solution in response to a shorter history of shocks of length L’ < L,
then we could truncate the triple interaction terms at L, and reduce computational time by approximately (L'/L)?2.
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tives: for instance, the envelope theorem typically governs backward propagation of the value
function. Second, for higher derivatives, singularities in the model can contribute additional
terms: for instance, in our smooth SIM model, the second-order solution includes an interaction
between the moving kink in the policy function and the incoming smooth density of households
(see also Bhandari et al. 2023 and Bianchi and Kaplan 2026). Finally, we can speed up computa-
tion by precomputing steady-state objects that are used repeatedly. We provide more details in the
context of our smooth SIM and IKC models in appendix E.5, illustrating each of these three ideas.

The second column of table 2 shows the resulting improvements in computational speed. The
steady state is identical, after which we precompute objects that are used in the rest of the proce-
dure in about a second. Times for our first-, second-, and third-order calculations are then a factor
of 30 to 60 below the corresponding times with numerical differentiation. This makes even the full
third-order solution much more practical, at less than 5 minutes, and all other parts of the solution
finish in seconds.

These gains are large because analytical differentiation replaces repeated nonlinear calcula-
tions, as needed for (41)—(43), with purely linear calculations with mostly precomputed coeffi-
cients. For instance, the steady-state marginal propensity to save governs the first-order transmis-
sion from tomorrow’s marginal value function to today’s.>

The expressions for analytical derivatives become progressively more complicated with higher
order, as we illustrate in appendix E.5, and in isolation it is easy to make mistakes. Crucially,
however, our smooth model makes it possible to use numerical differentiation as a benchmark
for analytical derivative—both for the ultimate results and, when debugging, for intermediate
derivatives. This straightforward numerical validation provides a check against human error, and
is also particularly valuable when asking Al agents to write code for analytical derivatives. One
example of this validation is in figure 8, where analytical derivatives agree almost perfectly with
numerical derivatives when the latter are in the stable region.

Overall, for the second order, our analytical differentiation procedure is similar to that pro-
posed by Bhandari et al. (2023): we precompute steady state objects, obtain the higher-order so-
lution by using the first-order system using directional derivatives that involve the lower-order
solution as forcing variables (due to what we call the one-shot principle), and take care of move-
ments of kinks in policies and the mass of agents at the constraint using Leibniz’s rule. Our
contribution here is to extend these ideas to the third order and to offer numerical differentiation
on a smooth model as a benchmark.

Further speedup by approximating with exponential mixtures. In applications where we need
to repeatedly calculate a full third-order solution, or where there is a larger model with multiple
shocks as in section 5.1, it may be useful to further improve on the times in table 2. In appendix
E.6, we propose a method for this, which relies on the fact that the first-order impulse response
of unknowns U will often be very well-approximated by a mixture of exponentials. For instance,

36Gee, e.g., Farhi, Olivi and Werning (2022), Bilal and Goyal (2025), or Auclert et al. (2024a).
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Sequence-space State-space

Perturbation = Key object Size Key object Size
First order First-order impulse response T First-order LoM n?
Second-order Precautionary effect 1 Second-order LoM  n®

Size dependence impulse T

History dependence impulse ~ TL

Total TL Total n’
Third-order = Precautionary impulse T Third-order LoM n

Mixed size-history impulses TL
History interaction impulses ~ TL?
Total for 5th-order moments TL
Total for full solution TL? Total n

Table 3: Dimensionality of sequence-space vs. state-space perturbation

in the IKC model, we can represent the first-order path of dZ; to six digits of accuracy with a
mixture of seven exponentials. Rewriting the first-order response in terms of this mixture allows
us to derive relatively low-dimensional recursions for the second- and third-order solutions. As
we show in appendix E.6, this reduces the time relative to the analytical solution in table 2 by a
further factor of about 35, with a negligible loss in accuracy that is closely tied to the accuracy of

the first-order exponential mixture approximation.

4.6 Dimensionality and sequence space vs. state space

We conclude this section by discussing the dimension of the sequence-space solution: that is, the
number of terms that need to be computed and stored in memory. This serves as a complement to
our speed calculations, and is useful in part because it does not depend on a particular computer
or implementation. It also allows for a comparison with the state-space perturbation approach.

The left side of table 3 shows how many coefficients are needed at each order to describe the
sequence-space solution for a single outcome variable and a single aggregate shock. This involves
the truncation horizon for impulse responses T, as well as the truncation horizon for history terms
L. Recall that for our heterogeneous-agent model we have found that T = 300 and L = 100
provide us with the accuracy we need. Given these values, a second-order perturbation requires
calculating approximately 30,000 terms, and a third-order perturbation approximately 3 million.

As already discussed, and validated on the neoclassical growth model in appendix B.6, a state-
space perturbation solution gives the same responses as our sequence-space solution at the same
order. However, the two approaches have very different storage requirements, as illustrated on
the right side of table 3, which reports the number of coefficients in the state-space law of motion
for n variables.

In our model, the household distribution has approximately n = 2800 entries: 200 asset grid
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points, 7 productivity states, and 2 patience types. A full, dense state-space law of motion would
therefore require roughly 8 million coefficients at first order, 22 billion at second order, and 61 tril-
lion at third order. Simply storing the third-order solution would be prohibitive. By comparison,
our third-order sequence-space solution requires about 3 million coefficients for a single aggregate
outcome, regardless of the dimension of the household distribution—much more practical in this

case.

Speed. Finally, we return to the question of speed, and ask how these differences between se-
quence and state space extend to computation time, in models where both approaches are feasi-
ble. In appendix E.7, we compare the two approaches in an N-country version of our neoclassical
growth model, varying N to change the size of the model. At third order, the state-space solution
calculated by Dynare is faster for small N, but its computation time grows more rapidly with N.
Sequence space becomes faster at around 60 countries, corresponding to roughly 200 variables.

5 Applications

In this section, we apply the methods introduced above to solve more complex models of the type
that arise in practical quantitative work. The first is a richer version of the general equilibrium
HANK model analyzed earlier in the paper. The second is a state-of-the-art menu cost model of
price setting.

5.1 Quantitative HANK model

We expand upon the HANK model from section 2.2 by incorporating additional model ingredients
and shocks. Specifically, we allow for a Taylor rule for the nominal interest rate, and a Phillips
curve relating inflation to economic activity, which brings about new sources of nonlinearities.
We also add government spending and wage markup shocks.

In this updated model, the central bank follows a Taylor rule for the nominal interest rate:

T+ = (147 (14 m)? (44)

We maintain our assumption that households are only able to invest in real bonds. However, the
model also features risk-neutral arbitrageurs, who have the the possibility of investing in either
nominal or real bonds. In equilibrium these arbitrageurs make no profits, and their portfolio
choice optimality condition implies that the real interest rate promised at ¢ on real bonds paying
att+1is

(45)

1 .
1—|—Tt:IEt|: Rl :|

1+ 7

We allow for shocks to government spending G; in addition to bonds B;. Given the time-
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varying real interest rate on bonds, the government budget constraint is now
Bt + Tth = (1 + 7’t71>Bt71 + Tr + Gt (46)

The Taylor rule implies that inflation is now relevant for the determination of aggregate de-
mand. We assume Rotemberg wage setting, as in Auclert et al. (2024a), and further assume that
unions evaluate welfare using average consumption, using the average discount factor across
households B = (BL + Bu)/2, and that they are subject to exogenous markup shocks y;. Mo-
tivated by the widespread empirical observation that prices are more flexible than wages, we
continue to assume flexible prices, implying that the real wage is constant at 1. This combination
of assumptions leads to the nonlinear wage Phillips curve:

6; - ;tTtu/ (Ct)> + BBt [7i41 (14 7t141)] “7)

(14 7) = kN <U/ (Nt) —

Compared to our simple IKC model, this model contains new sources of nonlinearities due to

the presence of inflation in the denominator in (45) and entering as a square in (47). To take this

1
1+

in X}, so that its equations can take the form in in (1). We consider a standard calibration with
¢ = 1.5,k = 0.01, an isoelastic disutility of labor with Frisch elasticity of 0.5 (v/(N) = {N?), and a

steady state inverse wage markdown -4 = 1.1 and wedge u = 1.

into account, we define the model by keeping track of and 71¢(1 + 71¢) as separate variables

We assume that the model is hit by exogenous shocks to government spending G;, bonds
B; and inverse markups y; 1%’ We model these as AR(1) processes in levels, with persistences
(PG, pB, pp) and innovations standard deviations (¢, 0, 0;) respectively. The government spend-
ing shock G; has the interpretation of a general aggregate demand shock emanating outside the
household sector, while the markup shock p; has the interpretation of a general supply shock,
pushing up inflation at a given level of activity.

Estimation. We first estimate the model’s shock processes using a generalized method of mo-
ments. We assume no fiscal shocks, cg = 0, as those tend to be small in the data, and set
pg = 0.95, as in our IKC example from section 2. We then estimate the four other shock pa-
rameters, 0g, 0G, pp, 0p by GMM with five moments: the first two autocovariances of output and
inflation, as well as the contemporaneous covariance between output and inflation.*® We construct
the model moments using the fifth order correct moments from section 3.4.

This procedure delivers the parameter estimates listed in table 4. We find demand shocks to be
quite persistent (og ~ 0.90), with supply shocks a little less persistent (o, ~ 0.75). Both shocks are
important, but demand shocks account for approximately 76% of the variance of total output;*’

37We model shocks to inverse markups rather than markups to avoid the nonlinearity from the shock i itself entering
in the denominator of (47)

38 Appendix F.1.8 describes the GMM formulas and the data used in the estimation.

3This is defined as the fifth-order approximation of Var(Y;) setting 0p = O relative to what is obtained with the esti-
mated 0y,. The contribution of the supply shock to total output variance is 22%, with the remaining 2% corresponding
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Moment Data Model Parameter Estimate (s.e.)

Var(Y;) 499631 4.82543 0G 0.90338 (0.03041)
Cov(Yy, Yi—1) 4.56912 4.24239 lofe 0.00890 (0.00089)
Var(7t;) 0.41064 0.43022 Pp 0.74933 (0.06833)
Cov(m, p—1) 0.33420  0.35290 Tp 0.14089 (0.04811)

Cov(Yy, 1tr) 0.12010 0.13740

Table 4: Moments and estimated parameters
Note: Y; in the data is constructed as real GDP divided by potential GDP. 71; in the data is PCE inflation. Units of ¢ are in percentage
points of GDP, 0y, is in percentage points of annualized inflation, and all moments are expressed in squares of percentage points.

this is necessary to match the observed positive covariance between inflation and output.

Risky steady state. Figure 9 visualizes the risky steady state in our model as a function of the
overall standard deviation of output oy, keeping constant the estimated ratio 0 /0y. Contrary to
the partial equilibrium model where higher ¢ raised aggregate asset demand in the risky steady
state (see figure 3), aggregate assets do not adjust here as bond supply is fixed in the risky steady
state. Instead, greater precautionary saving is associated with lower interest rates, which help the
government budget and imply that disposable income and GDP rise. In turn, inflation is lower,
reflecting a positive supply-side effect of lower taxes in the wage Phillips curve. For our estimated

parameter values, these effects are all relatively mild.

Size dependence. Figure 10 presents the impact (f = 0) and delayed (f = 1) effects of a deficit-
financed bond shock on output in our quantitative HANK model as a function of the size of the
shock v, presented as in figure 2 so that it is directly comparable to the perfect foresight solution.*’
The concave and convex patterns for the two effects (panels a and b) are similar to those we ob-
served for the simple PE and GE models from section 2.2. These terms of the third-order solution
continue to be an excellent approximation of the perfect-foresight solution.

Panel c presents the effects on inflation in period t = 0. Here, we find modest nonlinearities
to second and third order, despite multiple sources of nonlinearities in the model. This is because
inflation is a forward-looking average of future aggregate demand, so that the concavity in aggre-
gate demand in ¢t = 0 is partially offset by the convexity in later periods (see appendix D for a
further discussion of this point). This effect goes away in t = 1 resulting in convexity becoming
dominant, as shown in panel d.

These results are dominated by the nonlinearities of the household block; the ones due to the

presence of nonlinear terms in the Fisher equation (45) and the Phillips curve (47) do not play a

to their interaction.

40 As proposition 5 shows, the generalized impulse responses would look slightly different due to the expected size
dependence, which we do not include in figure 10. Quantitatively, expected size dependence would be relatively small
for the range of shock size shown in figure 10.
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Figure 9: Risky steady state in the quantitative HANK model

Note: Shock standard deviations o and ¢} are scaled proportional to their estimated values. The horizontal axis shows GDP standard
deviation computed with a fifth order approximation.
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Figure 10: Size dependence in the quantitative HANK model

Note: All responses assume 0 = 0, = 0, except for the purple line, which computes responses under estimated shock variances.
Responses are computed around the deterministic steady state.

major role.

Estimated model and nonlinear multipliers. To conclude, we study history dependence of the
transfer multiplier, dY; /dT;. Using our estimated shocks, we construct the full third-order Volterra
expansion of the HANK model. We do so allowing for the two estimated government spending
and cost-push shocks as well as tax cut shocks with standard deviation ¢ and persistence p as
before. We then simulate data from our model for 2,000 quarters. After each history of shocks, we
compute the transfer multiplier from a small tax cut shock.*!

Figure 11(b) plots the distribution of impact multipliers of the transfer shock. There is a wide
range of multipliers, ranging roughly from 0.15 to 0.30. Panel a shows that the multipliers are
are countercyclical over the business cycle: When output is high, multipliers tend to be low, and

4Gtrictly speaking, for this exercise a full third-order Volterra expansion with three shocks is not necessary. Only
terms in which the tax cut shock €; does not enter (but the other two shocks do, to up to third order) or enters linearly
(with the other two shocks entering to up to second order) need to be considered.
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vice versa when output is low. This stems entirely from government spending shocks: Panel ¢
considers the same simulation but assumes no cost-push shocks. Then, transfer multipliers are
strongly countercyclical, as positive government spending shocks as well as tax cut shocks act via
after-tax household income, and when income is already high due to past positive government
spending shocks, an additional tax cut is significantly less impactful. When government spending
shocks instead of cost-push shocks are switched off, the multiplier becomes mildly procyclical.

These findings show that the notion of “state dependence” can be subtle to separate empiri-
cally: here, the level of output does not summarize the state, and the nature of shocks that pushed
it there matters. This may help explain why the empirical literature on the state dependence of
tiscal multipliers has generated mixed results, with some papers finding that fiscal multipliers are
much larger in recessions, while others find a much weaker relationship (see e.g. Auerbach and
Gorodnichenko 2012 vs. Ramey and Zubairy 2018).42

5.2 Nonlinear Phillips curve in a menu cost model

Our second application is a menu cost model with idiosyncratic shocks in the spirit of Golosov and
Lucas (2007), and Alvarez, Le Bihan and Lippi (2016). The model features a random menu cost,
trend inflation, and strategic complementarity, as in Auclert, Rigato, Rognlie and Straub (2024c)
and Alvarez, Lippi and Souganidis (2023). Firms have a quadratic objective and try to keep their
price gap x as close as possible to the aggregate log nominal marginal cost MC;. They can reset
their price either by paying a fixed menu cost ¢ or by waiting for a free opportunity to adjust their
price, which arrives with Calvo probability A. If the price is not reset, the price gap evolves as
an idiosyncratic random walk, X’ = x + ¢, with € drawn from a distribution with smooth density
f(€). This ensures that the only idiosyncratic state of the model is the price gap x.
The Bellman equation of a price setter with price gap x at date t is given by:

1 . . * . *
Vilx) = 5 (x = MCy)* + BEr | (1= A)Ee[min{ Vi1 (x +€),§ +min Vi (x)}] + Amin Vi (x7)
As is common in the literature (e.g. Alvarez et al. 2016), we assume linear aggregation, so that the
log price index is

Po=m"+ / xdDy(x) (48)

where m* is the desired (flexible-price) markup over marginal cost, and D is the distribution of
gaps after adjustment. Finally, we assume that strategic complementarity in price setting arises
from roundabout production, with firms producing from an aggregate of labor and an input bun-

dle made up of production of other firms; this implies that log nominal marginal cost is

MC; = xWi + (1 - x) P (49)

42Gee Albertini, Auray, Bouakez and Eyquem (2021), Hagedorn, Manovskii and Mitman (2019) and Auclert et al.
(2024a) for other papers studying the state dependence of fiscal multipliers in a HANK environment.
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Figure 11: Time-varying transfer multipliers in the quantitative HANK model

Note: On the horizontal axis, output is reported in percent deviations from the deterministic steady state. Panel (a) shows a simulation
of 2000 periods using estimated parameter values. Panel (b) shows the ergodic distribution of the transfer multiplier Y; /deP. Panels
(c) and (d) set realized markup and government spending innovations, respectively, to zero, while keeping anticipated shock variances
at their estimated values.

where x is the fraction of value added in production. The log nominal wage trends at rate ,
W; = ut + W;, where Wy = pW;_; + 0¢&; follows an AR(1) process and is the source of aggregate
risk in the model.

We calibrate the model at a quarterly frequency, with B = 0.99. We assume that the idiosyn-
cratic shock distribution f is normal with mean 0 and variance ¢Z, and jointly choose &, A, and o,
to match a price adjustment frequency in the deterministic steady state of freq = 0.239, a median
absolute size of price changes of 0.085, and a share of free adjustments in total adjustments of 0.75.
These numbers follow Nakamura and Steinsson (2010), converted to quarterly data (see Auclert et
al. 2024c). We further set the share of value added in production to x = 0.7 and trend inflation to
u = 0.8512% quarterly (about 3.4% p.a.), which is average PCE inflation in the U.S. from 1966Q1
to 2025Q4. Finally, we set m* so that the average log price-wage markup is equal to 10% in the

deterministic steady state.
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Figure 12: Risky steady state

Note: Risky steady state as a function of the standard deviation of the nominal wage shock ¢.

Like in the IKC model or the quantitative HANK model, this model features a general equi-
librium fixed point problem: the price level P; depends on nominal marginal cost through firms’
price-setting decisions, while marginal cost itself depends on the price level through strategic
complementarity (see e.g. Alvarez et al. 2023). As further described in appendix F.2, we solve
this model in the steady state by detrending the model by wage inflation y, and ensuring that the
model is smooth. We formulate the model as in (1) by keeping track of W;(x) = E¢[min{V, 1 (x +
€),¢ + miny- Vi1(x*)}] as an element of the X; vector. We then solve for the higher-order so-

lutions of the model using a reduced system with P; as the unknown variable and applying the
one-shot principle.

Estimation of o and p. We estimate the standard deviation and persistence of wage shocks us-
ing GMM, similar to our estimation in the previous subsection. We match the fifth-order correct
variance and first autocovariance of the stationary log price level in the model to the correspond-
ing moments of the HP-filtered log PCE price index (1966Q1-2025Q4), using an HP smoothing
parameter of 1600. We find o = 1.047 (s.e. 0.344, both in pp.) and p = 0.74991 (s.e. 0.09553).

Risky steady state. Figure 12 plots the average log price-wage markup (panel a) and the adjust-
ment frequency (panel b) as function of ¢ in the risky steady state of the estimated model. Recall
that we have calibrated the price-wage markup to 10% in the deterministic steady state. The fig-
ure shows that additional cost uncertainty ¢ widens the inaction region, reducing the frequency of
adjustment (panel b), but it also induces firms to reset prices more conservatively and place com-
paratively less weight on trend inflation. This precautionary pricing mechanism therefore brings
down markups in the risky steady state (panel a).
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Figure 13: Response of the price level to nominal wage shocks

Note: Log price level responses to a nominal wage shock starting at the deterministic steady state under perfect foresight. The first-,
second- and third-order curves show the corresponding approximations to the perfect-foresight response.

Impulse responses. Next, we turn to the impulse response of the log price level to wage shocks
of different sizes. Menu cost models are well known to have nonlinear effects of costs on prices, as
large shocks of either sign trigger more widespread price adjustment. Figure 13 cleanly shows this
pattern of sign and size effects in the model here: large positive as well as large negative shocks
show a larger pass through of wages to prices, both at t = 0 (panel a) and at t = 1 (panel b).

History-dependent cost pass-through. We use our methods to construct the third-order Volterra
expansion and simulate 2,000 quarters of data. After each history, we use the Volterra expansion
to extract the contemporaneous pass-through of the wage shock ¢; to inflation d7t; /de;, which one
can regard as a measure of the local slope of the Phillips curve. Figure 14 shows that there is
nontrivial variation over time in the pass-through of wages to inflation, with a coefficient fluctu-
ating between about 0.30 to about 0.35 (panel b), and faster pass-through typically occurring in
high-inflation environments (panel a). This effect is particularly pronounced in the third-order
solution, which produces right skewness in panel b and the convex pattern visible in panel a. Our
finding that higher inflation coincides with faster pass-through of costs to inflation is emphasized
by a recent literature on inflation in the 2020s (e.g. Cavallo, Lippi and Miyahara 2024, Blanco et
al. 2024, Blanco, Boar, Jones and Midrigan 2026, Karadi, Nakov, Nufio, Pastén and Thaler 2026,
Gagliardone, Gertler, Lenzu and Tielens 2026). While this literature often looks for approxima-
tions to menu cost models, here we are able to solve the complete menu cost model to third order,

bringing about not just nonlinearities but also state dependence and precautionary pricing.
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Figure 14: Time-varying pass-through of nominal wages to inflation

Note: Panel (a) shows 2000 periods simulated from the menu cost model with estimated shock process parameters. Panel (b) shows
the ergodic distribution of d7t; /de;.

6 Conclusion

This paper shows how to obtain higher-order perturbation solutions to heterogeneous-agent mod-
els using information derived from well-known routines to solve the model under perfect fore-
sight, which we augment to solve rapidly for higher-order general equilibrium. This allows us to
solve a HANK model and a menu cost model to third order at a much lower computational burden
than a state-space solution would require. Our checks for accuracy against both nonlinear perfect
foresight and a global solution perform well. An open question, however, is the extent to which
our third order perturbation solutions differ from those obtained by global solution methods. This

is an active area of research.
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Appendix for “Higher-Order Perturbation in the Sequence

Space: the Certainty Correspondence”

A Appendix to section 2

A.1 Rank condition for assumption 1

Together, the root and rank conditions in assumption 1 are the standard conditions ensuring that,
for every initial state x_;, there is a unique solution to the linearized perfect-foresight system
Fixi—1 + Bxt + F3xp41 = 0 for t > 0 that converges back to the steady state.

Concretely, stack the system as

where

-F -F F
M = 2 ! , N = 3 0 .
I 0 0 I

These matrices satisfy det(M — AN) = det(F; + AF, + A%F3), so the roots A in assumption 1 are the
generalized eigenvalues of (M, N), meaning that Mz = ANz for some nonzero z. For a real root,
the stacked path A’z then solves the system and converges to zero when |A| < 1. More generally,
the “stable subspace” associated with these roots gives exactly the space of possible pairs (xt,x-1)
that can be continued with paths that converge to zero. The root condition in assumption 1 says
that this subspace is n-dimensional.

What remains is to ensure that, for every initial x_;, the stable subspace contains exactly one
pair (xo, x_1). To state this formally, let Z; € IR?"*" be any real basis matrix for the stable subspace,
and let Z_; € R"*" be its last n rows.*"! Every pair in the stable subspace can be written as Zsa
for some a € R", and its last n entries are Z_ja. Thus each x_; corresponds to exactly one such
pair if and only if x_; = Z_1a has exactly one solution a; otherwise, some x_; will have no stable
solution, and others will have more than one.

The corresponding rank condition we require in assumption 1 is therefore
rank(Z_1) = n, or equivalently detZ_1 # 0. (A1)

Condition (A.1) is exactly the invertibility condition in Assumption 4.5 of Klein (2000), although
the notation there is different. See also section 5.3.1 in that paper for discussion of why root count
alone is not sufficient.

A similar rank or invertibility condition appears in other canonical linear rational expectations

A-1This can be obtained, for instance, with an ordered real QZ decomposition of (M, N), as we do in the next section.
(A.1) is unaffected by the choice of basis matrix.
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solution methods. See, for instance, the rank assumption immediately preceding proposition 1 in
Blanchard and Kahn (1980). It is worth noting that rank conditions like (A.1) hold generically, in
the sense that failure requires the stable subspace to line up exactly so that xg can change without
any change in x_1. This is an alignment that small perturbations would ordinarily break, unless it
is enforced by the structure of a model.

A.2 Sequence-space form of assumption 1

Assuming F is continuously differentiable, we show that the root and rank conditions in assump-
tion 1 are equivalent to the invertibility of a block sequence-space Jacobian. Since this Jacobian is
block Toeplitz, its invertibility can be tested directly using the methods in Auclert, Majic, Rognlie
and Straub (2025), allowing us to verify assumption 1 while remaining in the sequence space.”*”

Concretely, let 72 be the space of square-summable paths x = (xg,xy,...) in R"”. Define the

bounded linear operator | : £2 — (2 as
(Jx)o=hxo+FEx1,  (Jx)t=Fhxi1+ b+ By (82> 1). (A.2)

Here ]x is the path of linearized equilibrium residuals produced by x, with x_; = 0. Member-
ship in ¢2 requires x; — 0, and invertibility of ] means that every residual path r € ¢2 corresponds
to exactly one square-summable path. The proposition identifies this property with the root and
rank conditions.

Proposition 1. The root and rank conditions in assumption 1 hold if and only if | is invertible on
2.

Proof. Suppose first that the root and rank conditions hold. To construct ]!, we first derive from
the stable subspace a matrix P satisfying F; + R,P + F3P? = 0, and then use it to solve Jx = r
recursively.

Partition the basis matrix for the stable subspace from appendix A.1 as Z; = ( sz01) Since Z_4
is invertible by the rank condition (A.1), for each a € IR” the stable subspace contains exactly one
vector with lower block a, namely (Pa,a), where P = ZOZ:}. This vector gives (xp,x_1) for a
solution satisfying Fix;—1 + Fx¢ + Fsx;11 = 0 and x; — 0. The next vector (x1, xo) also lies in the
stable subspace. Since xy = Pa, it must be (Pza, Pa). Therefore Fia + F,Pa + F3P%a = 0 for every
a, which gives

F + BP + FP*=0.

Moreover, the eigenvalues of P are precisely the roots inside the unit circle, so p(P) < 1.4%

A-2Gee proposition 11 in that paper for the main winding number test, which—as the paper discusses—corresponds
to the root condition. See also the discussion in section 3.5 for how to use nonexistence to identify the “non-generic”
case where the winding number test is not enough, which corresponds to failure of the rank condition.

A-3For a concrete construction, take the 1 stable columns Z; from an ordered real QZ decomposition of (M, N). The QZ
identities imply MZ; = NZ;As, where the eigenvalues of A are the stable roots. The lower block gives Zy = Z_1 As,
soP =Z7_1A; Z:%. The upper block then gives the matrix quadratic above.
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We now return to Jx = r. For a general path x, define uy = x; — Px;_1. Substituting x; =

Px;_1 + uy and x¢41 = Px; + uy4q into (Jx); = 14 gives, after cancellation,

ry = Kuy + Fsupyq, K=F + EP. (A.3)
To solve (A.3) backward—that is, to determine u; from r¢, 7411, .. .—we need K to be invertible and
the powers of R = —K~!F; to decay. We now establish both facts from the root condition.

Substituting F; = —F,P — F3P? gives
Fi + AR + A%F; = (K + AF3) (Al — P). (A.4)

Because det(Al — P) = 0 at the n eigenvalues of P, the second factor accounts for all # roots inside
the unit circle. Thus K must be invertible: otherwise the first factor would also be singularat A = 0,
adding another root inside the unit circle. The remaining finite roots therefore lie outside the unit
circle. We may now define R = —K~!F;. Since K + AF; = K(I — AR), the nonzero eigenvalues of
R are the reciprocals of these remaining roots; a root at infinity corresponds to a zero eigenvalue
of R. Thus p(R) < 1, as needed.

Equation (A.3) can now be written as
Uy = K‘lrt + Rut+1-

For any solution in 2, u € (?. Tterating this equation toward future dates and using square
summability to eliminate the terminal term R:*1u; ;1 gives the first expression below. Iterating
x¢ = Px;—1 + u; forward from x_; = 0 gives the second:

%) ) t
ug=3Y RK'r,  x =Y Pupy. (A.5)
j=0 k=0

The first expression discounts future residuals back to date ¢; the second propagates their effects
forward through the stable law of motion P.A** Since the powers of P and R decay geometrically,
these formulas give a unique x € ¢2 for every r € £2, with ||x|| < C||7||o. Hence ] is invertible.
Conversely, suppose that | is invertible. We first rule out roots on the unit circle; this also shows
that the determinant polynomial is not identically zero. We then identify the pairs (x, x_1) that
admit an ¢ continuation and use invertibility of | to establish the root count and rank condition.
Suppose, to the contrary, that there is a unit root: (F; + AF, + A?F;)v = 0 for some |A| = 1
and v # 0.2 We use this root to construct paths with fixed /2 norm and arbitrarily small || Jx||»,
contradicting boundedness of J~1. For arbitrary L > 2, set xEL) = L V2\Hy for0 < t < L
and zero thereafter; we note that ||x(I) ||, = |v]. The root equation then implies (Jx(1)); = 0 for

A4A closely related construction of the sequence-space Jacobian that solves a linearized rational expectations system
appears in appendices B.7-B.8 of Auclert et al. (2025).

ASTf A or v is complex, apply the argument to complex-valued paths. The real operator ]! extends to them by acting
separately on their real and imaginary parts.



1<t<L—2;only (Jx()g, (Jx(F)); 1, and (Jx(1)); can be nonzero. At these three dates, the root

equation gives
(]x(L))O — —Lil/zF]U, (]x(L))L—l — _Lfl/ZALﬂLlFE;v, (]x(L))L — L71/2/\LF]’0.

Thus ||Jx() ||, = L=Y2(2|Fo|? + | F30|?)!/? — 0, contradicting boundedness of ] 1. Thus there are
no roots on the unit circle, and det(F; + AF, + A?F3) cannot be identically zero.

It remains to count the roots inside the unit circle and establish the rank condition. With roots
on the unit circle ruled out, the stable subspace described in appendix A.1 consists exactly of the
pairs (xo, x_1) for which there is a path x € 02 satisfying Fix;—1 + Fox; + F3x441 = Oforall t > 0.4
The dimension of this subspace is the number of roots strictly inside the unit circle, counted with
algebraic multiplicity.

For any a € R”, define 7 € /? by 7o = —Fiaand r; = 0 for t > 1. By the definition of J,
Jx = 7 holds exactly when Fyx;_1 4+ Fox; + F3x;41 = 0 for all t > 0 after setting x_; = a. Since |
is invertible, there is exactly one such x € £? for each a. Thus (xo,x_1) — x_1 is a bijection from
the stable subspace onto IR". The stable subspace therefore has dimension 7, so exactly n roots lie
strictly inside the unit circle. For a basis Z; as in appendix A.1, this projection is represented by
Z_1, so its bijectivity is exactly the rank condition (A.1). O

The proof also gives the following representation, which we use in appendix A.3.

Lemma 2 (Stable linear law of motion). Under assumption 1, every path satisfying
Fixi_1+ bxt +FBxi1 =0

and x; — 0 follows a linear law of motion x; = Px;_1, where

Fi+FKP+FEPP=0, po(P)<1. (A.6)
Moreover, with
K=F +EP, =K', (A7)
K is invertible and p(R) < 1.
Proof. These claims were established in the forward direction of proposition 1. O

A6To see this, let k be the number of roots inside the unit circle and apply an ordered real QZ decomposition to the
stacked system N(*/") = M(," ) from appendix A.1:

SS SSH TS TSM
Q'NzZ= <0 Su>’ Q'Mz = (0 Tu)’
placing these k roots first. Write Z = (Zs Z,), where Z; and Z,, have k and 2n — k columns, and ( xfjl) =7 (5;) All roots
in the second block lie outside the unit circle or at infinity, so T, is invertible and p(T;; 'S,) < 1. The equations for y
give y = (lelSu)Lyi‘+L. For x € 2, ¥iyp — 0,80 y¢ = 0. Conversely, S is invertible and p(Ss1Ts) < 1. Setting y¥ = 0
and iterating i}, ; = S5 1 Tsys gives an % continuation from every initial pair in span(Zs). Thus exactly the initial pairs
in span(Zs) admit an £2 continuation.



A.3 Proof of proposition 1 and lemma 1

Throughout the proof, we take the proposition’s current date to be date 0, reserving t for dates
along a continuation.

The main challenge for proposition 1 is that the date-0 equilibrium equation contains Ey Xy, so
Xop must be chosen together with a continuation Xj, Xp, ... after every possible future innovation
history. Our proof proceeds in three parts. First, building on appendices A.1 and A.2, we show
that the linearized continuation problem has a unique bounded solution. Second, the implicit
function theorem gives a nonlinear continuation whose date-0 value defines the locally stable
state-space solution g, and we establish its local uniqueness. Third, we use g to construct the
unique sequence-space solution A" and establish the equivalence in (4). Lemma 1 then follows as

a simple corollary of uniqueness.

1. The linear continuation problem. We use the matrices P, K, and R from lemma 2 to solve the
linearized equilibrium equation for bounded continuations indexed by innovation histories.

Let £ denote the bounded support of &. Write e = (&,...,&). By a continuation we mean a
bounded sequence x = {x;}t>0, where xp € R" and each x; : £/ — R”" is measurable for t > 1,
with norm

oo = sup sup |x:(&"). (A8)
t>0 etegt

These continuations form a Banach space, and conditional expectation is a bounded linear opera-

tor on this space.

Lemma 3 (Linear continuation). Under assumption 1, let x_; € R" and let r be any uniformly

bounded continuation. There is a unique uniformly bounded continuation x satisfying
Fixi—1 + Bxi + BEx; 1 =14, t>0, (A9)

after every history. Moreover,
1¥lloo < € (Jx—1] +[|7[|oo) (A.10)

for a constant C independent of x_; and r.

Proof. Let P, K, and R be the matrices from lemma 2, and set u; = x; — Px;_;. Using (A.6) and
(A7) in (A.9) gives
Uy = K_li’t + RIEtMt+1.

After L successive substitutions, the remaining term is REFE 1 4q; for any bounded solution,

it vanishes as L — co. The law of iterated expectations therefore gives

00 ) t
u =Y RK'Erpj, x =P x g+ Y Py (A.11)
j=0 k=0



Equation (A.11) is the stochastic counterpart of (A.5): conditional on the date-t history, future
residuals enter through [E;r;,;, while Pt*t1x_1 accounts for an arbitrary initial state. Because the
powers of P and R decay geometrically and conditional expectation does not increase the sup
norm, these formulas define a bounded continuation that solves (A.9) and satisfies (A.10). For
uniqueness, the difference between two solutions has x_; = 0 and satisfies u; = RE;u;.,. Iterating
gives u; = Rf]Etut+j. Since u is bounded and R/ — 0, this identity implies u; = 0. Hence x; =

Px;_1,and x_; = 0 implies x; = 0. O

2. The state-space solution. We now solve the nonlinear continuation problem. For a continua-
tionY = (Y, Y3, ...), define R by

Ro(Y, X_1,€0,0) = F (X_1,Y0,EoY1,€0), (A12)
Ri(Y,X_1,€0,0)(€") =F (Yt—l(étfl)/Yt(ét)/lEth+1(ét)/‘7@t) , t>1. (A.13)

Thus R = 0 requires Y to satisfy the equilibrium equation at date 0 and after every possible
future innovation history. At (X_1,€p,0) = (X,0,0), the constant continuation Y = (X, X,...)
sets every residual to zero. Restrict Y and (X_1,€p,0) to a sufficiently small neighborhood, so
that the arguments of F in (A.12)—(A.13) lie in a compact subset of the neighborhood on which F
is continuously differentiable. The derivatives of F are then bounded and uniformly continuous,
so pointwise application of F, together with the bounded linear expectation operator, makes R
continuously differentiable. If F is C”, then so is R.
The derivative of R with respect to Y at the steady state is

[DYyR x|, = Fix;—1 + Boxt + FB3Esx; 1, x_1=0.

Lemma 3 shows that DyR is invertible with a bounded inverse. The implicit function theorem
therefore gives a unique nearby continuation Y(X_1, €y, o) satisfying R = 0, with the same differ-
entiability as F. Define

2(X_1,€0,0) = Yo(X_1,€0,0). (A.14)

In particular, g(X,0,0) = X.
After any realization &, the continuation from date 1 onward, (Y3, Y>,...), satisfies R = 0 with
lagged state Yy and current shock ¢€;. Uniqueness gives

Yi(é1) = g(Yo,0€1,0),

and repeating this argument gives Y;(¢!) = ¢(Y;_1(e!™1),0¢;,0) for every t > 1. Together with
R = 0, these identities show that g is a state-space solution.

Seteg = ¢ = 0. Forany a € R", let x; = Dx ,Y4(X,0,0)a for t > 0 and set x_; = a.
Differentiating R = 0 shows that x is a bounded deterministic solution of (A.9) with r = 0.
Equation (A.11) gives x; = P'™lg, so Dx_,Yy(X,0,0)a = Pa. Since a is arbitrary, (A.14) gives

A-6



¢x(X,0,0) = P. Thus p(P) < 1 implies that g is locally stable at X.

It remains to establish uniqueness among continuous locally stable solutions. Let ¢ be another
such solution, and let {X;};>o denote the continuation it generates. Choose m with ||g%| < 1.
The m-fold iterate of x — g(x,0,0) has derivative g% at X, so it maps a sufficiently small closed
ball around X strictly inside itself. By continuity, Xo = g(X_1,€o,0) lies in this ball whenever
X_1 is sufficiently close to X and €y and ¢ are sufficiently small. Since £ is bounded and the de-
terministic m-period iterate maps the ball strictly inside itself, this property persists for small o,
uniformly over all realizations of the next m innovations. With the ball chosen small enough, the
intermediate states also remain within the neighborhood of X required by the implicit function
theorem. Repeating this argument in blocks of m periods shows that the entire continuation lies
in the neighborhood where R = 0 has a unique solution. Because g satisfies the state-space equi-
librium equation, its continuation satisfies R = 0 and therefore equals Y(X_1, €p, ). Comparing
their date-0 values gives ¢ = g.

3. The sequence-space solution. Let /*° denote the space of bounded sequences indexed by the
nonpositive integers. Write € = (eg,€_1,...) and X = (Xo, X_1, . ..). To express Xy as a function of
the entire shock history, we solve X; = g(Xj,l, €, o) simultaneously for all j < 0. For X near the
constant sequence (X, X, ...) and (€,0) near (0,0), define

[q)(x’ €, U)]] = X] - g(Xj—ll 6]‘, (7), ] S 0. (A15)

At the deterministic steady state, X = (X, X,...) and (e,0) = (0,0), so ® = 0. Since g is contin-
uously differentiable, so is ® on a sufficiently small sup-norm neighborhood. Its derivative with
respect to X is

[Dx®h]; = hj — gxhj-1,

where g is evaluated at (X, 0,0). For r € ¢%°, a solution to Dx® h = r is
hi=Y &rik (A.16)
k=0

The series defines a bounded h because p(gx) < 1 implies Y- [|g%|| < co. If Dx®h = 0 and h
is bounded, then h; = g’)‘(h]-,k for every k > 1, which implies /1; = 0. Thus Dx® has a bounded
inverse.

The implicit function theorem then gives a unique X(e, o) near (X, X, .. .) satisfying ® = 0 for
every sufficiently small bounded e and sufficiently small ¢. If F is C", then g, ®, and X are also C".
Define

X(o,e0,€1,...) = Xo(€,0). (A.17)

Thus X is C" whenever Fis C'.
Reindexing the tails by dates 0, —1, .. ., the state tail (X_1, X_»,...) solves & = 0 for the shock



tail (€_1,€_2,...). Uniqueness therefore gives
X,1(€,0') = X(O’, €_1,€E_2,.. )

Substituting this identity into the date-0 component of ® = 0 gives (4). After a future innovation
€1, that equation gives
X(o,081,€0,€-1,...) = §(Xo,0€¢1,0).

Taking conditional expectations gives EoX; = Eog(Xo, 0€1,0). Because g is a state-space solution,
F(X_1,Xo,E0g(Xo,0€1,0),€0) = 0. The preceding identity therefore gives F(X_1, Xo, EgX3, €9) =
0, which is (1) for X.

It remains to prove uniqueness. We first show that any other local sequence-space solution
must obey the recursion generated by g; its past state history must then solve the same equa-
tion ® = 0. Let X be another local sequence-space solution and fix € = (ep,€_1,...). Set

Yo = X(0,€0,€_1,...) and, after future innovations &', set
Y, (") = X (0,08;,...,061,€0,€1,...), t>1.

Every shock history used to define Y; has sup norm bounded by max{||€||, |o|sup,¢ |e|}. Con-
tinuity of X therefore makes sup, |Y; — X| small for sufficiently small € and ¢, so the contin-
uation Y = (Y, Y3,...) lies in the implicit-function-theorem neighborhood where R = 0 has
a unique solution. Since X solves (1), the continuation Y satisfies R = 0 with lagged value
X(0,e_1,€_5,...) and current shock €y. Uniqueness of the continuation satisfying R = 0 gives
Yo = g(??((f, €_1,€_2,...),€0,0). By the definition of Y, this is (4) with X replaced by X.

For the fixed shock history, define )~(j =X (0,€j,€j-1,...) for j < 0. Substitution into (4) gives
®(X,e,0) = 0. Continuity of X and (e, €-1,--)]lo < [|€]|cc make sup;<o |}~(]- — X| small. Thus
X lies in the neighborhood where ®(-,€,0) = 0 has the unique solution X. Therefore X = X.
Since € and o were arbitrary, ¥ = X throughout the neighborhood. This completes the proof of
proposition 1.

Symmetry in ¢ and proof of lemma 1. Given the continuation Y(X_1, €y, ) constructed in Part
2, set Yo = Y, and ?S(és) = Y;(—¢€°) for s > 1. Symmetry of & implies that the conditional
expectation of ?sﬂ at €° equals that of Y;1 at —&°. Together with 0(—&;) = (—0)és, this gives
R(\A{, X_1,€0,—0) = 0. Uniqueness of the continuation gives Y = Y(X_1,€0, —0). Since Yo = Y,
we obtain ¢g(X_1,€9,0) = ¢(X_1,€0, —0). Hence ®(X,€,0) = ®(X, €, —0), and uniqueness for
® = 0 gives X (0, €1, €-1,...) = X(—0,€t,€-1,...). Thus both functions are even in . Every
derivative involving an odd number of differentiations with respect to ¢ is therefore zero at o = 0,

whenever that derivative exists.
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A.4 Volterra form of the sequence-space Taylor expansion

Proposition 1 establishes that X is C" on a neighborhood of (0,0) in R x ¢* whenever F is C". This
gives a Fréchet Taylor expansion, but does not by itself give the Volterra expansions used in the
main text. For instance, for a history with finitely many nonzero shocks, linearity expresses the
derivative as the sum of the responses to those shocks. On ¢, however, this does not imply that
the infinite sum for an arbitrary bounded history converges or equals the derivative. Here, we use
the stable state-space recursion from appendix A.3 to close this gap, showing that the sums over

shock dates converge absolutely for every bounded history and equal the full Fréchet derivatives.

Lemma 4 (Volterra representation). Suppose that assumption 1 holds. If Fis C', then ¥~ || ;]| <
co. If F is C?, then in addition Y~ || Xjk|| < co. If Fis C?, then in addition ;> [| Xej|| < o0 and
Y kkr>0 || || < o0

For r = 1, 2,3, respectively, the expressions in (8), (11), and (19) are then the rth-order Fréchet
Taylor polynomials of X whenever F is C". All their infinite sums converge absolutely for every
bounded shock history, and the remainder is o((|o| + ||€||)") as (o, €) — (0,0).

Proof. Fix r € {1,2,3} and suppose that F is C". For a history € = (€g,€_1, .. .), equation (4) is
X(o,e0,61,...) =g(X(0,e_1,€62,...),€,0).

Let P = ¢x(X,0,0). The proof of proposition 1 shows that p(P) < 1,50 Y= || P|| < co.

To differentiate this recursion, let z; = (c;,e€’) € R x £* denote perturbations to anticipated
risk and the shock history, where el = <€6, eil, ...). All derivatives of X below are evaluated
at (0,0). Let S remove the current shock while leaving anticipated risk unchanged, so Sz; =
(03, (eil,ei_z,. ..)). Differentiating m times, for m = 1,...,r, produces one term containing the
mth derivative of X'. This term comes from differentiating the inner X’ m times and then applying
¢gx = P, and is PD"X(0,0)[Sz1,...,Szn]. Let Qy denote the remaining chain-rule terms, which
involve only derivatives of X’ of order strictly less than m. Then

D"X(0,0)(z1,...,zm] = PD™X(0,0)[Sz1,...,Szm] + Qmlz1, -, Zm]- (A.18)

For example, for m = 1, Q1[z1] = ge€} + g001.27 Tterating (A.18) gives
L
D"X(0,0)[z1,...,zm] = Y_ P'Qul[S'z1,...,S'2zp] + PLTID™ X (0,0)[S* 'z, ..., Sz,
(=0

Since S does not increase the norm, the last term is bounded by ||PL*1||||D™ X (0,0)|| [T, ||z and

A7 At second order, write a; = DX (0,0)[Sz;] for the first-order change in the lagged state under perturbation z;.
The second-order chain rule then gives Qy[z1,22] = gxx[a1,a2] + gxe[a1]€3 + gxe|a2]€} + gec€hel + goo0102, Where all
derivatives of g are evaluated at (X, 0,0) and symmetry in o eliminates the terms involving ¢x, and geo-
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converges to zero. Taking L — oo therefore gives
D"X(0,0)[z1,...,zm) = Y_ P'Qu[S'z1,..., S zn]. (A.19)
=0

We now use (A.19) to express each derivative as an absolutely convergent sum over shock dates.
First, for m = 1, write z = (0, €). Symmetry gives go = 0, so DX (0,0)[z] = Y~ Pigee_j. Thus
X; = Plge,and J; || Xj|| < oo because the powers of P are summable.

For m = 2, we first show that the coefficients of Q; are absolutely summable. Substituting the
tirst-order responses into the gxx term gives Zj,kzo gXX[Xj, Xk}el_ j—1€3 w1+ Its coefficient norms
sum to at most [|gxx||(¥Z; | X;][)?> < oco. The same reasoning applies to the gx. terms, using the
absolute summability of the first-order coefficients, while the g. and g, terms have only finitely
many coefficients. Thus Q> has absolutely summable coefficients.

It remains to show that the sum over / in (A.19) preserves absolute summability. Replacing
zi by S'z; shifts the shock dates but leaves the sum of coefficient norms for Qs unchanged. Mul-
tiplication by P’ multiplies this bound by ||P’||, so summing over ¢ gives a finite bound because
Y=o ||PY|| < o0. Thus D2X also has absolutely summable coefficients.

For m = 3, the same argument applies to Q3, whose terms involve only first- and second-
order responses, current shocks, and risk perturbations. Substituting the series for these responses
gives absolutely summable coefficients, since products of absolutely convergent series are again
absolutely convergent. Equation (A.19) then gives the same property for D3X.

Equation (A.19) holds for every bounded history, so the absolutely convergent series obtained
from it equal the full Fréchet derivatives. Their coefficients are the partial derivatives of X, as we
can see by taking each z; to be a unit change in a single shock or in ¢. Substituting these series into
the Taylor expansion of X’ gives the claimed expansions and remainder, with symmetry in o from

lemma 1 eliminating the terms with an odd number of ¢ derivatives. O

A.5 Heterogeneous-agent model details

Here we provide more details about the computation and calibration of our two heterogeneous-
agent models introduced in section 2.2.

Partial equilibrium (smooth SIM) model. We provide a high-level description of the equations
here, with implementation details in appendix C.2. Optimal consumption and asset policy con-
ditional on (a, ¢, B, &) are characterized by a first-order condition u'(c) > BE[V,+1(a’, €', B')le, B],
which holds with equality unless the borrowing constraint binds. The marginal value function
Vit is then given by the envelope condition V,¢(a,e, B) = (1 4+ r)Es[u’(c(a, e, B, C))].

For each ¢, B, let ®;_1(a,e, ) denote the CDF of assets a saved by households at the end of
period t — 1, conditional on income state e and patience state f realized at the beginning of period
t. Also let @, g denote the mass of agents in idiosyncratic state (e, 3), which we assume to always
be constant at its stationary value. Given the ®;_; from the previous period, the asset policy at
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t, together with the fixed IT and distribution of ¢, determines ®; (see equations (A.46)—(A.49)).
Finally, aggregate consumption at f is given by

=Ly [ [ertae p,0)f()dcai(a,e,p).

In practice, we represent V,;(a, e, f) using its value at n, asset gridpoints a, for each of the #,
income states e and 14 patience states f, and let v; be the vector of these 1, x n, x ng values. We
represent ®;(a’, e, f) with a cubic spline interpolating over the same gridpoints for each e, f, and
let ¢, be the vector of the n, X n, x ng spline coefficients.

To put the system in the notation of (1), we stack these vectors, along with aggregate C; and
Z;, in the vector X; = (vy, ¢, Ct, Z;). We then stack the 2(nanen/; + 1) equations into the system
displayed in equation (7) in the main text, where V, A, and C represent respectively the Bellman
equation, the law of motion of the distribution, and the aggregation equation above, acting on the
discretized representation (see appendix C.2 for the explicit construction of these functions).

Our calibration, which is at a quarterly frequency, mostly follows Auclert et al. (2024a), except
for the addition of the smooth i.i.d. income shocks. We set the interest rate to r = 0.005 (2%
annualized), and pick a two-point process for p with support (B, By ), with half of the population
in each state and probability of drawing a new p state of 1% quarterly. We set Tr = 0.14 and
Z = 0.67 to be consistent with U.S. tax progressivity, as discussed in the next section.

We assume that the primitive log income process is the sum of two independent components,
with the persistent component following an AR(1) with persistence p, = 0.91 at the annual level.
The innovations to both processes are normally distributed with standard deviation o, for the
persistent component and o for the transitory component. We solve for ¢, and oz so that the
cross-sectional standard deviation of log income is 0.92 overall and 0.24 in quarterly changes,
with the latter taken from Ganong et al. (2025). This yields ¢, = 0.1964 and oz = 0.0964.

We set 2 = 0, and set the asset gridpoints on which to store the value function (which are also
the knots for the cubic spline representing the distribution) to be 1, = 200 double-exponentially
spaced points. In the deterministic steady state, we pick B; and By so that the first-order aggregate
marginal propensity to consume g—gg is equal to 0.2 and aggregate assets are A = 4. This proce-
dure yields (B, By) = (0.96,0.99): as is common for these models, some patience heterogeneity
is required to simultaneously hit our high MPC and high asset targets. For our aggregate income
process, we assume that aggregate income follows an i.i.d. income process with pz = 0 and quar-
terly standard deviation ¢ = 0.05. This generates a standard deviation of aggregate consumption
relative to steady-state GDP (C;/Yss) of 1.2%, similar to the one observed in the data.A8

General equilibrium (IKC) model. Our calibration of the GE model exactly matches that of our
PE model, as follows. We normalize income to Y = 1, set government spending at G = 0.17 and

A8We compare this to aggregate consumption divided by potential GDP in the data, removing a linear trend to ac-
count for long-run shifts in the GDP composition. The resulting time series has standard deviation of 1.3%.
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let the government transfer be Tr = 0.14. This implies that the tax rateis T = *tB+ G + Tr =
0.02 4+ 0.17 4 0.14 = 0.33, so net-of-tax aggregate income is Z = 0.67. In turn, Tr = 0.14 and
T = 0.33 are consistent with the U.S. relationship between pre- and post-tax income estimated in
Auclert and Rognlie (2018). For our aggregate bond process, we assume a quarterly persistence of
pp = 0.95.

In this model, positive shocks to B; enable the government to temporarily lower tax revenue
T; = 1Y and therefore increase post-tax household income Z; = Y; — T;. Since households are not
Ricardian, this decline in T} in turn affects consumption, which in equilibrium affects aggregate
income Y; and feeds back into consumption C;. Alternatively, we can describe the process in the
asset market: positive shocks to bond supply require an increase in post-tax income Z; up to the
point where household asset demand matches this higher bond supply. Formally, the model is
described by the vector X; = (vy, ¢,, Zs, By), with

Ut — V(Zt,]EtUH_l) 0
— A(Zt, E4vi4q, @, 0
F(Xi_1, Xt, By [Xipa],€0) = 91— AMZo Eror, ¢1y) = (A.20)
B: — A(Zi, E¢vii1, ¢, 1) 0
By — Bss — PB(Btfl - Bss) — €t 0

where A represents the aggregate asset function, whose explicit construction is described in ap-
pendix C.2. By Walras’s law, the asset market clearing equation in (A.20) is equivalent to the
goods market clearing condition C(Z;, E;viy1, ¢, 1) +G—Y; =0, withY; = Z; + Ty and T; =
(147)Bi1+ Tr + G — B;.AY

In this model, the endogeneity of Z; makes a global state-space solution substantially more

difficult, since the distribution of household assets now affects equilibrium income.

B Appendix to section 3

To start, lemma 4 establishes that the first-, second-, and third-order expansions used in propo-
sitions 2, 3, and 4 are the corresponding Fréchet Taylor polynomials of X, with sums over shock
dates that converge absolutely for every bounded shock history. Appendices B.1-B.3 identify the

coefficients in these expansions using the perfect-foresight calculations stated in each proposition.

B.1 Proof of proposition 2
By Lemma 1, X, = 0 at the deterministic steady state. The first-order Taylor expansion of the

sequence-space solution therefore has no term in ¢, leaving

Xt ~ X + Z .)(]'Gt_]‘.
j=0

A-9We use the asset market formulation in practice because it is numerically more stable.
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It remains only to identify coefficients &; with perfect-foresight impulse responses. By definition,

X]MI T(v) = X(0,0,...,0,v,0,...), where v is in the coordinate corresponding to € j- Differentiat-

ing with respect to v at v = 0 gives
(XM7Y (0) = .

This proves the first-order certainty equivalence result.

B.2 Proof of proposition 3

MIT shock terms. The size and history terms follow directly from the definitions of the perfect-
foresight impulse responses. By definition, X]MIT(V) = X(0,0,...,0,v,0,...), where v occupies

shock coordinate j. Differentiating twice gives

(X]]-\AIT>I/(O) — Af']]

For [ > 0, the response X]MI Ty, e) places the newest shock v in coordinate j and the earlier shock
€ in coordinate j + [. Consequently,

E)ZX]MIT’Z (v,€)

oV de = itk
v=€e=0

Taking | = k — j gives (15). This proves the size and history parts of proposition 3. It remains to
identify the risk term X,..

Risk terms. Now set all realized shocks through date t to zero, but let agents anticipate future
shocks with standard deviation ¢. Then

1
X; = X(0,0,0,...) = X + EXUOO'Z +0(c?). (A.21)
At date t 41, the new shock is €1 = 0€;41. Using [E€; 1 = 0 and ]EéfJrl =1,

1
E;X; 1 = EX(0,06,1,0,0,...) = X + 5 (Xyo + Xoo) 02 + 0(0?) (A.22)

where the mixed ce term is zero by the symmetry in ¢ from lemma 1. The first-order shock term
also drops out after taking the expectation.
Substitute (A.21) and (A.22) into

F(X¢-1, X, EiXs41,€) = 0.

Since the realized shock is zero and the path is constant through date ¢,

1 1 1
F <X + EXUU’O'Z/ X+ EXU’(TU.ZI X+ E (X(TO’ + XOO) 021 0) = 0(02)' (A‘23)
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Equating coefficients on o2 in (A.23) gives (F; + F, + F3) Xyo + F3Xp0 = 0. The matrix F; + F> +
F3 is the characteristic matrix at A = 1 and is therefore invertible because the root condition in
assumption 1 excludes unit roots. Hence X,, = —(F + F, + F3)*1F3X00. The implicit function
theorem then gives a unique differentiable solution X?**(Xpod) for d near zero, satisfying

F (XP**(Xgod), XP**(Xod), XP**(Xo08) + Xood, 0) =0 (A-24)
where X?*°(0) = X. Differentiating at § = 0 gives %XVSS(XOO(S)‘é_O = —(Fi+ B+ F) " 'FXy,
and hence p B

Xyr = 2 XP55(Xyo0) (A.25)
do 6=0

Finally, Xpo = (X}T)"(0), so the perturbation in (A.24) is available from the perfect-foresight
impact response. Taking 6 = 02/2 matches (A.21) to second order, completing the certainty corre-

spondence for the risk term.

Alternative F formulation. Suppose instead that the model is written, as in Lan and Meyer-
Gohde (2013b) and much of the rest of the literature, as

:[EiP(th‘l/th Xt+1/€t) =0. (A26)

Set realized shocks through date t to zero. Then at date t, we have the second-order approximation
Xy~ X+ %ngﬂz. But the future variable inside F is random:

1 1
Xis1 ~ X + Xoer1 + EX"‘TUZ + EXOOGtZ 1+ o(0?).
Substituting into (A.26), expanding, and taking expectations gives
(b + B + F3) Xoo + F3X00 + Fas[ X, Ao] = 0.

The first two terms are the same as in (A.23), but the last term (where Fs3[X), Xp] denotes applying
the Hessian Fz3 to X)) on both input dimensions) is new. It appears because we take the expectation

of applying F to the random X;,1, so that the curvature of F matters. Thus, in this formulation,
Xoo = —(Fi + B2+ F3) 1 (F3Xoo + F3[Xo, X0]) -

By contrast, in our formulation F(X;_1, X;, E;X;11,€) = 0, the random first-order term Xjpe;1q is
averaged before F is applied, so the extra term does not appear. Indeed, Lan and Meyer-Gohde
(2013b) have precisely this additional term in their equation (36); in their notation, it appears as
fy+2 (Yo @ yo)E¢(€44+1 ® €441). Without this term, their equation (36) would parallel our X,
Although either formulation is valid and can be used to solve a model when the equations are

written in a compatible way, our approach makes possible the simple certainty-correspondence
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statement of proposition 3, where the risk term X, can be obtained by perturbing expectations at
the steady state with the size dependence of MIT shocks. With the (A.26) formulation, the extra
term F33]X), Xp] cannot be obtained from size dependence alone.

B.3 Proof of proposition 4

MIT shock terms. For a single shock, X]MI T(v) places v in shock coordinate j, so

MIT _
(X;0)"(0) = .

For k > j, the two-shock response X]MIT'k*]' (v,€) places v in coordinate j and € in coordinate k.
Hence MIT k—j MIT k—j
3 ) 3 K]
°X; (v,€) o °X; (v,€) v
dv2 de - ik v €2 - ke
v=e=0 v=e=0
Finally, fork’ > k > j,setl =k —jand!' =k’ —j. Then0 < I < I, and XJI‘VHT’k*j’kL]’(V, €,€') places

the newest, middle, and oldest shocks in coordinates j, k, and k’, respectively. The gaps between
the oldest and middle shocks and between the middle and newest shocks are I’ — I = k' — k and

I = k — j. Therefore

83X]MIT’k7j K= (v,e,€)

o .
ov e de’ jkk
v=e=¢'=0

These identities prove the pure MIT-shock parts of proposition 4. It remains to identify the mixed
risk terms X,

Mixed risk terms. The coefficient Xj,, records how background risk changes the response at
horizon j. We first derive its linear equation and then separate its risky-steady-state and time-
varying precautionary contributions.

Fixing j > 0, we will differentiate the date-t equilibrium condition
F(X;1, X4, Bt Xpy1,€) =0
with respect to €;_j, 0, 0, evaluating at the deterministic steady state, writing
u = (Xp-1, X¢, Bt Xpy1,€t)

for the stacked argument of F. Derivatives such as F, and F,; are taken with respect to this stacked
argument and evaluated at (X, X, X,0), and we will use subscripts j and ¢ on u for derivatives
with respect to €;_j and 0. Symmetry gives u, = 0 at the deterministic steady state. Differentiating
F(u) = 0 therefore gives

Futtjoo + Fuu[tioo, uj] =0 (A.27)
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where F,;, [v, w] denotes the Hessian F,;, evaluated on vectors v and w.

We now evaluate u}, uyr, and uj;, as needed for (A.27). First, we have
uj = (Xj-1, X X, Lj=o) s

with X_1 = 0. Then
Uger = (me/ Xoo, Xoo + Xoo, 0) ’

where we note that here the third entry includes Xy because the new shock at t + 1 is cé;,, and

we take the expectation of its square in [E;X; ;. Finally,

Ujog = (/Yj—l,mfz ‘)(]'U'(T/ ‘X‘j-l—l,oa + )(j-i-l,OO/ 0) ’

where X, = 0. At date t + 1, the shock €;_; occupies lag j + 1 and the new innovation occupies
lag 0; differentiating twice with respect to ¢ and taking the expected square of the new innovation
therefore contributes X, 1 0o

Substituting these expressions into (A.27) gives
I3 'X‘jfl,oa + F2Xj0'(7 + FB/YjJrl,UU + Fuu [ucw/ M]] + F3)(j+1,00 =0. (A28)

Lemma 4 implies that the two forcing sequences { F,[tc, 4j] } >0 and {F3X;11,00}j>0 are abso-
lutely summable. Proposition 1 therefore gives a unique solution { Xjs¢ }j>0 € % to (A.28), with
X_1,00 = 0. We now show that solving this equation with each forcing sequence separately gives
the RSS and TVP expressions in (26) and (27), respectively.

RSS term. The F,, term captures how the first-order response changes when it is computed
around the risky steady state. Let J shift the expected-future term by X9, as in (A.24), and let v
be the size of the one-time shock. Write

X2 (v,8) = XP' ({ Xood, Xood, .- },v) .
By the definition in the main text, this path satisfies

F (X0 0,00, X[ (,0), X[ (1v,6) + Xnd, vlim) =0, k>0, (A29)

with
XP%(v,0) = lim X" (v,8) = XP*(Xgod),

k—o00
since A = Xppd. After subtracting the terminal value XP**(X(d), the implicit function theorem
and proposition 1 give a unique nearby path in ¢? that is twice continuously differentiable in (v, ).
By stationarity, place the shock €;_; at date zero; the date-t equilibrium condition is then the
k = j equation of (A.29). At = 0, the path is the ordinary MIT response, so the v derivative of
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the four arguments of F at zero is
uj = (X, &y Xjia, o) ,

with X_; = 0. Atv = 0, the path is constant: X! B1%9(0,8) = XPSS(Xyo6). Using (17), the J derivative

of the four arguments at zero is therefore

Uge = (Xam Xoo, Xoo + Xoo, O) .

Define, as in (26),
2~ Pt rss
(Koo)' = 0 X]. (v,9)
jees = 95 v
o=v=0
Differentiating (A.29) gives
15} (‘Xj—l,mr)rss + FZ(X]‘UU)TSS + FB(-X]'—H,UU)MS + Fuy [ua(n uj] =0. (A.30)

Although the boundary state moves with ¢, it is independent of v. Hence

PXP5S (Xood)

Bov |y

<X_1’m7)rss —

The mixed derivative of the centered path belongs to ¢2. Since the centering term is independent
of v, the same holds for { (Xj,, )" };>0. Equation (A.30) is thus (A.28) with the same linear operator
and boundary conditions, and only the F,;, forcing term.

TVP term. The TVP contribution allows the expectation adjustment 6 Xy 1 to vary with k.
Its forcing in (A.28) is F3Xj1,00. To obtain it, write

X};:t,tvp (6) = X;ft ({X00,10, Xoo,26, - ..}, 0).

Lemma 4 implies that {Xjo 41 }k>0 is absolutely summable. Thus A, = 0, and the boundary
conditions in the main text become

XPHP(6) = lim XD (6) = XP*(0) = X.

k—oc0

The implicit function theorem and proposition 1 give a unique nearby differentiable path, with
{X,’ft’tw(é) — X}iso € 02, satisfying

F(XP7 @), X[ (6), X[ (0) +6X0ksr, 0) =0, k=0,
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Define, as in (27),

6=0

Differentiating at 6 = 0, and using symmetry of mixed partials to write Xy 11 = Xj11,00, gives
Fi(Xj_1,00) P 4 F2(Xioo)'™ + F3(Xjj1,00) P 4+ F3Xj 11,00 = 0. (A31)

Since the initial state is independent of §, (X_1,,)""? = 0. The derivative path belongs to ¢2
because {X] bP (5) — X}kso is differentiable in ¢2. Equation (A.31) is therefore (A.28) with the

same linear operator and boundary conditions, and only the F3Xj,1 o forcing term.

Putting it together. Adding (A.30) and (A.31) gives (A.28). The RSS and TVP derivative
sequences both vanish at index —1 and lie in 2, as shown above. The same holds for {ij} j>0 by

lemma 4. Uniqueness in proposition 1 therefore gives
XjU’U’ = (-thm)yss + ('ona)tvp- (A.32)

This is the third-order certainty correspondence for the mixed €;_jo? term. The rss part captures
how being at the risky steady state changes the first-order response to a shock, while the tvp
part captures how anticipation of future mixed size-and-history effects X109 changes the same
response.

B.4 Proof of propositions 5 and 6

Second-order GIRE. In the second-order expansion of X;,j, the terms involving €; but no shock
dated after t are
Xie —|— et + Z K€€ ( (A.33)
k>j
Terms pairing €; with a shock dated after t have conditional expectation zero. Before observing e,
the expectation of (A.33) is Xjjo? /2. Replacing €; by v in (A.33) and subtracting the pre-observation
expectation gives the second-order GIRF in (30):

2
IRF].( J(v,0) = Xiv + X kZ: Ve (
>j

Third-order GIRFE. The third-order terms add a complication relative to the second-order proof:
future shocks still have mean zero, but a future shock can now enter squared and be multiplied
by €;. Thus, after taking expectations over shocks dated after ¢, those terms can depend on the
realization of €;.

Beyond the second-order terms already handled above, the terms in the third-order expansion
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of Xt+j whose expectations can change when ¢; is observed are

1 1
*Xtmjgzet"‘ ]€t +35 Z ketet k—=j) t 5 2 kkefet (k—j)

2 k>]
+Z 2 jkk €€ (k—j)€t—(k—j) T 5 2X111€t+] € (A.34)
k>jk'>k 1<]

where we note that the last sum is over shocks dated after t.
After observing €; = v, the future shocks in the last term have variance 02, so the conditional

expectation of these third-order terms is

1
Eij(ﬂv%— ]]1/ + = Z ]kv €—(k—j) T 5 Z kaef,(k,]-)
k>]

+ Z Z ik VEL— (k—j)€t—(k'—j) T 20’ I/EX”] (A.35)
k> K>k i<j

Before observing €;, symmetry gives E;_1€; = E;_1€; = 0, while E;_1€? = ¢%. Hence the only

nonzero contribution from the displayed third-order terms is

Z kO

k>]

Subtracting this forecast from the forecast after observing €; = v, and adding the second-order
part already derived, gives the third-order GIRF in (31):

1
X]]v

1
*UZVEXZ'Z']' + 6

1
7XUU]'0_2V + >
i<j

IRP].(3) (v,0) = IRP].(Z) (v,0) +3

+5 Z — e + 5 Z V€L (k) T X 1 Apever (€t i)

k>] k>jk'>k
Ergodic moments. Fix h > 0. Write

Xi(0) = X(0,084,0€-1,...)
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and let primes denote total derivatives of this expression with respect to o, evaluated at ¢ = 0
while holding fixed the sequence {&;,&;_1,...}. Then

/ —
Xi=) Xé i
i
1 — —
Xy = Xoo + Z Xijet—iet—j
0
111 P - - —
X{" =3 Xpoi€r—i+ Y Xijk€1—i€i— €tk

i ik

Absolute summability from lemma 4 justifies interchanging these sums with the expectations be-
low. To expand Xj,(0), we first center X;(0),

Xi(0) = Xi(0) —p(o),  p(o) = E[Xi(0)],
so that &, (¢) = E[X;(0)X;_;(0) T]. Since ¢ = E[X]] = 0 and X;(0) = 0, we have

o2

o3
O =)+ X =)

Xi(o) = o X} + g

where all derivatives are evaluated at o = 0. Multiplying the expansions for t and t — h,
Zu(o) = ’E[X} (X )]
0—3]E xXH(x"  — " T X" _ 4" / T
+2 WX =)+ (X =) (X )
1 1 1
0t { ST = W)Xy = )]+ LXK~ )]+ LK = i) (Xig) T | o

By lemma 1, & is even in ¢; sign symmetry of the normalized shock history therefore implies that
(Xi(=0), X;_p(—0)) and (X¢(0), X;_p(0)) have the same distribution. Hence £,(—0) = ¥, (0), so
the coefficients on ¢® and ¢ are zero and

Yu(o) = (722;,,2 + 0’4Zh,4 + O(0'6).
Identifying these coefficients with terms from the expansion above, we get

o = E[X{(X]_,) "] = ZXh+iXiT/
1

and

1 1 1
Zpa = 5 Cov(X, XiLy) + gIE[XZ(Xi'lh)T] + E]E[Xi”(XLh)TL

The centering of X" drops out in the last two terms because E[X;] = E[X] ,] = 0.
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For independent normal €s, Isserlis’s theorem implies the identity
E[€:6p€c€4] = 1o—ple—d + La=clp—d + Lo—glp—,

which continues to hold if the € are not normal but have the same moments as a normal up to the

fourth. This, in turn, implies

1
1 Cov(X{, X; Z X+, h+]X]
]

Substituting the expression for X}” above gives
1
6]E[Xt(XW Z Xnti X, mrz + 5 Z X1 z]]/

and .
61E[X”/(X ZXW i 2 ZX,W i
ij

Combining these terms gives the expression for X 4 in proposition 6:

Z|‘h4 - ZXthz h+] + Z (Xh+zXU(71 + Xaah+zXT) +5 Z (Xh+z ijj + Xh+1 ]]X > .

i

B.5 Equivalence to pruned state space

In this section, we work out the implications of the nonlinear equivalence between the state
and the sequence-space solution in proposition 1 for the relationship between the derivatives
Xi, Xij, Xijk, Xoo) Xooj of the sequence-space solution on the one hand, and on the other the deriva-
tives of the state space solution at the first order (gx, g¢), the second order (gxx, xe, §ee, Sov), and
the third order (gxxx, §xXes §Xees Secer §Xovs Sevor)- We use this to establish the equivalence between
the Volterra expansion and the so-called “pruned” state-space solution at orders 1, 2 and 3. In the
next section, we will further use this result to validate our certainty correspondence propositions

numerically on a known example with a small state space.

Coefficient recursions. We recall equation (4) from proposition 1:
X(o,€er,€i-1,...) =8 (X(0,€6i-1,€-2,...),€,0).

Differentiating this identity around the deterministic steady state gives us recursions that relate
derivatives of the sequence-space solution X and the state-space solution g. For instance, differ-
entiating (4) once with respect to €;_; gives X; = gx &1 + ge1j=o, which provides a simple way to
build the first-order sequence-space solution from the state-space solution. (Here, and also below,

we adopt the convention that any coefficients with negative indices are zero.)
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Differentiating twice with respect to o, recalling that single o derivatives are zero, gives an
equation that can be solved for the second-order risk term:

Xoo = 8XX(W + Qoo — Xoo = (I - gx)flgw- (A.36)

Equation (A.36) corresponds to de Groot (2013)’s direct formula for computing the risky steady-

state from the second-order state space solution coefficients gx and g,

Differentiating with respect to €; ; and €;_ gives a recursion for the other second-order terms:
Xk = gx X1 -1+ &xx (X1, X—1) + &xe(Xj—1)Tk—o + &xe(Xk—1)1j=0 + Geelj—0Ts=0.  (A.37)

As usual, we write e.g. ¢xx(Xj_1, Xx_1) to denote applying the vector-valued Hessian gxx to X 1
and X}_;. Here, we also write gx¢(Xj_1)1x—o to denote applying gx. to &1 (for X) and the scalar
1,—¢ (for €).

Next, for third order, taking a mixed partial with respect to €;_;, 7, and ¢ gives us a recursion
for the mixed risk-shock term:

-)(jmf = gX/ijl,mf + gXX(/ijlr Xoo) + gXe(er)lj:O + gX(m(-)(jfl) + 8eoolj=0- (A.38)

Finally, to get a recursion for the general triple-shock third-order terms X, we can differentiate

with respect to €;_j, €;_k, and €;_;. This gives the following somewhat unwieldy recursion:

Xy = gxXj-1k-11-1
+ &xx(Xj—1 -1, Xi—1) + gxx (Xj_1,1-1, Xk—1) + &xx(Xk—1,-1, Xj-1)
+ 8&xe(Xi—1k-1)T1=0 + gxe(Xj—1,-1)Tx=0 + §xe(Xk-1,-1)1j=0
+ gxxx(Xj—1, X1, X1-1) (A.39)
+ gxxe(Xj—1, Xk—1)11=0 + &xxe (X1, X1-1)1x—0 + &xxe (=1, X1-1)1j=0
+ &xee (Xi—1)Lk=011=0 + &xee (Xk—1)1j=011=0 + &xee (X1—-1)1j=01x=0
+ 8ecelj=01k=01i=0-

Note, however, that (A.39) is long mostly to handle all the base cases where one or more of the
indices is zero.

Equivalence with pruning. The coefficient recursions above become the pruned state-space re-
cursions from Andreasen et al. (2018) once we evaluate the sequence-space expansions along a

realized shock history. For instance, at second order, write the first- and second-order contribu-

A10More specifically, de Groot (2013) suggests solving for the difference between the risky and the deterministic steady
state x* by solving the quadratic C + Bx* + Avec(x*x*') = 0, where C = gw%z and B = —(I — gx). Since the term
Avec(x*x*') is O(c*), to second-order this gives x* = (I — gx)*1 gw%z. Since further x* = XW%Z, we recover (A.36).
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tions to (11) as
X[”:ZXG i Xm:l)( 0’2+12X'€ i€
b= jCt—js t = pToo ) jkEt—jCt—ks
j>0 j k>0
so that the full second-order approximation is X§2) =X+ XP] + Xt[z].
Summing the first-order coefficient recursion over the realized shocks gives

X = gx X+ geer.

To get the second-order equation, multiply (A.36) by ¢% /2, multiply (A.37) by €;_ j€t—k/2,and sum
over j, k > 0. This gives
1 1 1

Xtm = gXtijl + EgXX(Xt[ljlet[lfh) + gXe(Xt[lj1)€t + Egeeef + 5800‘72‘
This is the standard second-order pruned state-space recursion: we calculate new second-order
interactions from the first-order path, and the result is then propagated forward linearly by gx.

For third order, let Xtm denote the terms that first appear in (19). Multiplying (A.38) by
0’2€t_j /2, multiplying (A.39) by €;_je; r€;—;/6, and summing over their indices gives

Xtm = SXXE]1 + gXX(XtHJy XEO + 8X€(Xt[zjl)€t

1 1
+ 58XXX(XE]1/XE1/XE1) + EgXXe(Xt[ljlfxt[l—]l)et
1 1 1 1
- EgXGe(Xt“,]l)ef - ggeeeef + ngUo—(XP,]l)rfz - Egmetaz.

This is Andreasen et al. (2018)’s third-order pruned recursion. Because gx is stable, this recursion
has a unique bounded causal solution on the infinite shock history. Together with the second-order
calculation, this shows that, for k = 2,3, the kth-order sequence-space and pruned state-space
solutions coincide exactly.A!!

This is not a new result: Lombardo and Uhlig (2018) previously established it in a very related
context, and used it as a motivation for pruning in the state space in the first place.*"!> The upshot
is that in the sequence space, there is no need to add an auxiliary pruning procedure on top of the
perturbation solution; instead, the stability given by pruning is already built into the perturbation

solution itself (see also Bhandari et al. 2023).

B.6 Validating the certainty correspondence

The equivalence between the pruned state-space and the sequence-space solution established in

section B.5 provides us with a procedure for validating our certainty correspondence results.

A1l Although we do not formally demonstrate it here, this presumably continues to hold for all orders k > 3.
A12Thejr concept differs from ours by assuming only a finite history of shocks, starting at date 0, so that the sequence-
space solution is not stationary, but the logic of why sequence-space and pruned state-space perturbation are equivalent
is essentially unchanged.
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Consider a particular small-scale model of the form (1) with known derivatives. First, use stan-
dard algorithms (e.g., Schmitt-Grohé and Uribe 2004, de Groot 2013, and Andreasen et al. 2018), to-
gether with equations (A.36)—-(A.39), to obtain the coefficients X].St”te, é\?ﬁf“”, )c']itk“,te, Xstate x ;3‘?8 that
prevail in the third-order Volterra expansion implied by the state-space solution. Separately, us-
ing perfect-foresight impulse responses and perturbed-expectations steady states and transitions,
calculate X]-Seq, /'\,”].Skeq, Xf};?,, x50 x ;z implied by propositions 2, 3 and 4—that is, by the certainty
correspondence at orders up to 3. Finally, validate numerically the equality of all the coefficients
Astate — xseq for all coefficients j, k, k' in some range.

Note that such a test simultaneously validates the certainty-correspondence results in propo-
sitions 2, 3 and 4, the equivalence between sequence-space and pruned state-space solution in
section B.5, and our implementation routines. The computational procedures used to calculate
the two sets of X" coefficients are completely distinct: the first require standard state-space ma-
chinery (solving a stable matrix quadratic for the first-order, and generalized Sylvester equations
for higher-order state-space coefficients, then performing the coefficient recursions implied by
pruning), while the second require perfect-foresight routines (perfect-foresight transitions and
perturbed expectations steady-state and transitions).

As an illustration, we perform this test on the neoclassical growth model—our Example 1
in section 2.2.413 For our baseline simulation, we use a quarterly calibration with & = 0.36,
6 = 0.025, and B = 0.99, and a log TFP process with persistence p, = 0.979 and innovation
standard deviation ¢ = 0.0072, in the spirit of King and Rebelo (1999). We pick a baseline value
of v = 2 but also experiment with alternative values of y in the range of 0.5 to 8. To calculate the
sequence-space derivatives, we use two approaches, paralleling those we advocate in section 4:
tirst, a numerical differentiation of nonlinear perfect-foresight routines with symmetric differences
(“numerical”) and second, a set of analytical perfect-foresight derivatives, up to the numerical
inversion of a sequence-space Jacobian (“analytical”). In all our perfect-foresight exercises, we
chose the truncation horizon to be T = 800. For numerical derivatives, we follow section 4.4 in
doing symmetric numerical differentiation and using polarization formulas for mixed derivatives.
We choose step sizes of i; = 10~ for the first order, i, = 1073 for the second and 3 = 2 x 1072,
as well as i, = 10~* when differentiating the perturbed-expectations steady-state and transition
routines.

Figure B.1 shows the second-order approximation to the risky steady state level of capital and
consumption normalized by the deterministic level of output, ¥ + Xw%, obtained from all three
approaches. Note that, in the deterministic steady state, we have & = 1//3571% = 10.2561 and
% = 1— 6% = 0.7436 irrespective of risk aversion . As risk aversion 7 increases, holding patience
B and therefore the steady-state real interest rate fixed, precautionary savings rises, resulting in a
higher risky steady-state level of capital and therefore also consumption. Figure B.1 shows that

these effects are relatively modest for our calibrated value of ¢. Importantly, while all three lines

A-13We have also performed similar tests of our routines on two other standard models: an RBC model with endoge-
nous labor, and a model with consumption habit formation and quadratic capital adjustment costs.
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Figure B.1: Effect of risk aversion on risky steady-state capital and consumption in the neoclassical model

on each graph involve very different approaches to calculating X,, they all produce the same
outcome, validating this part of the certainty correspondence.

The top row of figure B.2 shows the first order impulse response of consumption and capital
after a 1% innovation to TFP (i.e. a shock € of about 1.39 standard deviations). Those exhibit well-
known shapes and magnitudes (see e.g. King and Rebelo 1999), with consumption rising by a
little more than 0.5% on impact and peaking around quarter 25, and capital peaking at an increase
of about 1% around quarter 45. There is very close agreement between all three approaches to
calculating the first-order impulse responses, reflecting certainty equivalence.

The bottom row of figure B.2 then reports the impulse response of precautionary consumption
and capital X,,; after the same 1% innovation to TFP. Concretely, these graphs trace out the path,
in (19), of ijg—;e for our calibrated ¢ = 0.72% and € = 1%, reported in percent. This includes
the rss term-the contribution to the impulse response from starting at the risky steady state rather
than the deterministic steady state—and the tvp term, that is, the response of precautionary sav-
ings to the TFP innovation. Capital responds positively and with a similar hump-shape as in the
tirst-order solution, reflecting a positive contribution from both terms. By contrast, consumption
responds negatively initially, reflecting a dominant negative contribution of the tvp term (precau-
tionary savings rises and consumption falls) more than offsetting a positive contribution of the rss
term. Note that these terms are very small compared to the first-order impulse response: the time-
varying precautionary terms are at most 0.1% of the corresponding first-order response. This is
consistent with existing results in the literature that the first-order solution approximates the non-
linear dynamics of the neoclassical growth model in standard calibrations (e.g. Christiano 1990,
Taylor and Uhlig 1990, King and Rebelo 1999). Note also that all three approaches to calculat-
ing the X,,; term deliver visually indistinguishable results, validating this part of the third-order
certainty correspondence.

The numerical agreement presented in figures B.1 and B.2 is not isolated to the terms Xj, Xoo
and Xy, although the latter two are perhaps the most surprising part of the certainty correspon-
dence. Indeed, we have checked that all coefficients X] and ij agree for indices j = 0, ..., 100,
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Figure B.2: Impulse responses to 1% TFP shock: first-order and precautionary (neoclassical growth model)

that all coefficients Xj agree for indices j,k = 0,...,30, and all coefficients Xy agree for in-
dices j,k, k' = 0,...,10. The maximal absolute error between the state-space and the analytical
sequence-space terms is 6.4 x 10719, The maximal absolute error between the state-space and the
numerical sequence-space terms is 7.3 x 1074, reflecting finite-difference error in the third-order
and mixed risk-history calculations.

B.7 Multiple exogenous shocks

The scalar-shock notation in section 2 extends directly to multiple independent exogenous shocks.
Let the last argument of Fbe €; = (€t1,...,€m) € R", with e, = (fét,a.A‘M The assumptions on F,
local existence, and differentiability are otherwise unchanged. Assume that the &, are symmetric
around zero, have unit variance and bounded support, and are independent across dates and
components:

Eé;, =0, Ee?, =1, {4}t are mutually independent.

7

A14The common ¢ is only a normalization: any differences in variance can be absorbed into how €; enters F.
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We add a component index to each shock derivative: Xj” is the derivative with respect to shock a
dated t — j, while Xﬁf’ is the derivative with respect to shocks a and b dated t — j and ¢t — k, and
similarly at higher order. With this convention, (11) and (19) keep the same structure, with sums
over shock components added to the sums over dates.

Since IE[et,aeslb] = Uzltzsla:b, each expected squared scalar shock in the risk terms is replaced
by the sum over componentwise variances. In (17), the expectation perturbation Xppd becomes
03, X3, s0 (17) holds with this replacement. At third order, (24) holds for each component a:

t
XU'”U'] (X;U])rss (XU'aO']) vp'
The risky steady state is common to every rss term, but the response is component-specific. For
the tvp term, the perturbed-expectations transition for component a uses the forcing 6 , X ]‘i’ll’ 007
since the future squared shock can be in any component b.

The GIRF formulas change in a similar way. If the date-t innovation is v = (vy,...,vy), then

(30) becomes

IRF ZX”I/H ZX”b (VaVp — 0% 1,—yp) +ZZ ]k by,e; (k—),
k>j ab

The third-order formula (31) is obtained in the same way. For example, the centered term Xjj (v* —
0?)€;_(k—j) becomes -, - X]f}]fc(vavb — 0 amp) €4 (kj) -

The moment formulas in proposition 6 also extend by matching both dates and components.
X (X*)T. In the fourth-order term, each re-
peated shock index is replaced by a repeated date-component pair: for example, }; ; Xhﬂhﬂé\,’ .

ij
becomes }; i, Xl (X“b) and ), ; XhﬂXw becomes }; i ., X} ; (XY T with the transposed

hti et ijj
terms adjusted analogously. For the fourth-order term in proposition 6, we also assume the cor-

The leading covariance term becomes 2y, = ),

responding fourth-moment condition lEé;{u = 3; together with independence, this gives the same
fourth-moment identities used in the scalar case.
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B.8 Additional quantitative results: general equilibrium IKC model
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(b) Government bonds shock (GE model)
Figure B.3: First-order impulse response functions

Figure B.3 displays the shocks and resulting impulses in our heterogeneous-agent models. The
top panel shows the PE model, with the shock to aggregate income Z on the left. The bottom
panel shows the GE model, with the shock to aggregate B with persistence pp = 0.95 (which must
also be aggregate assets in general equilibrium) on the right. As can be seen by comparing the
top and bottom panel, the underlying shocks to net labor income Z are very similar in the two
models—in particular, the impact effect on aggregate taxes T is the same. However, the income
shock has present discounted value of one in the PE model, while the tax shock has zero present
discounted value in the GE model, as it must to satisfy the intertemporal budget constraint.

Figures B.4-B.7 provide the counterpart of figures 2-5 in the general equilibrium IKC model
(the exception is figure 6, which requires a global solution which we do not have for that model).
The general patterns are very similar as those from the PE model, because the same underlying
effects are operative in both.

One exception is that the risky steady state in figure B.5 is now expressed in terms of an effect
on aggregate income. Here, as risk increases, agents attempt to save more and consume less, but in
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general equilibrium monetary policy maintains the real interest rate constant at the deterministic
steady state 7, requiring a decline in equilibrium income to clear the goods and asset market. This
effect is nontrivial (a little under 2.5% for a shock standard deviation of 0.1); this effect is mitigated
in our quantitative HANK model of section 5.1, since there we have a more responsive monetary

policy rule.
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Figure B.4: Size dependence in the response of output to bond shocks (GE model)
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Figure B.5: The risky steady state: aggregate income and aggregate uncertainty (GE model)
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Figure B.7: Ergodic moments and GIRF (IKC model)

C Smooth standard incomplete markets (SIM) model

C.1 Kinks and higher-order differentiation: the problem with non-smooth models
C.1.1 Motivation

To motivate our smooth version of the standard incomplete markets model, we first discuss why
the standard incomplete markets model can be problematic for higher-order differentiation with-
out smoothing. The central issue is that there is a kink in the policy function at the asset level where
the borrowing constraint becomes binding. At this kink, the second derivative of the consumption
function is infinite. Furthermore, when income risk is discrete—including when a continuous in-
come process is discretized via Rouwenhorst or a similar procedure—this kink leads to secondary
kinks at other asset levels. These occur at the asset levels where, if a certain discrete income path

is realized, the borrowing constraint will become exactly binding inn > 1 periods.A'15

A-15Eyen in discretizations with a decent number of points, these secondary kinks are often quite pronounced, because
there is still a high probability of remaining at the same income state for the next several periods. One benefit of
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Much of the overall nonlinearity of the consumption function is concentrated at these kinks,
which makes differentiation potentially problematic: the second derivative at these kinks is in-
finite, while the second derivative away from these kinks will understate the overall curvature
of the function. If we integrate over a smooth, continuous distribution of households, however,
the resulting aggregate consumption (as a function, say, of a lump-sum transfer) is nevertheless
well-behaved, and its higher derivatives will reflect the nonlinearity from kinks.

Unfortunately, typical calibrations of the standard incomplete markets model, with a discrete
Markov chain representing idiosyncratic income, do not have such a distribution over assets. In-
deed, their stationary distributions consist of countably many mass points: with probability 1,
every household has hit the borrowing constraint at some previous date, and households’ current
asset levels are then determined by the finite history of income states received since the most re-
cent visit to the constraint.*1® In practice, a large fraction of the distribution often concentrates
at a limited number of mass points—including the large mass point at the constraint itself.*1” In
implementation, this is often made worse by the standard “lottery” method of discretizing the
distribution (Young, 2010), which constrains the distribution to consist entirely of mass points.*'8
This makes higher derivatives of aggregate consumption unreliable. In the unlikely event that a
mass of households is at a kink point of the policy function, then these derivatives will be infinite;
otherwise, they will understate the curvature of aggregate consumption.

In appendix C.2, we show how to fix these pathologies in practice with a “smooth model”,
which includes a smoothly distributed iid component of income, and where we carefully perform
numerical integration with respect to this component separately on both sides of the primary
kink. This approach eliminates secondary kinks, and ensures a smooth distribution of cash on
hand, resulting in a smooth aggregate consumption function that is amenable to perturbation.*"”

For the remainder of this section, we will illustrate these concepts with a stark, analytically
tractable model.

C.1.2 Analytical illustration

Consider a household with log utility, discount factor § < 1, no income risk, income normalized

to 1, facing a constant interest rate of r = 0 and a borrowing constraint. Given incoming assets

continuous-time solutions is that they avoid these secondary kinks—although there is still an important kink at the
constraint. Also see Iskhakov, Jargensen, Rust and Schjerning (2017) for more discussion of secondary kinks, which in
their context are kinks in the value function rather than the policy function.

A-16Indeed, Le Grand and Ragot (2022) have used this insight as part of a computational strategy.

A17See some discussion and visualization of mass points away from the constraint in the Lecture 1 notebook at https:
//github.com/shade-econ/nber-workshop-2023/.

A-1856e Bhandari et al. (2023) for a critique of this method in the context of higher-order perturbation, as well as Bilal
(2023). Bayer et al. (2026b) offer an alternative approach to iterating on the distribution that is better-suited to higher-
order perturbation.

A19For an example of using heterogeneity to smooth out a kink and facilitate perturbation in a very different context,
see Schmitt-Grohé and Uribe (2022)’s model of downward nominal wage rigidity.
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a¢_1, this household chooses consumption c; and assets a; carried into the next period:

max iﬁt log c; subjectto ¢ t+a=1+4+arq, a >0, a,=a
{erar}izo0 1=

Given the net interest rate of » = 0, the interior Euler equation is ¢;+1 = Bc;. The household
is impatient relative to the interest rate, so it eventually runs down its assets and reaches the
constraint.*0

Suppose a household with initial assets a first reaches the constraint after n periods. Consump-
tion follows a path ¢; = Blco fort = 0,...,n — 1, and all initial assets have been spent by the end
of these n periods. Defining

Sp=1+B+---+p"1,

the corresponding budget constraint is S,co = a 4 n. Current consumption is therefore

c(a) = a;—n/ aca"ta".
n

The kink point 4" is the boundary at which the household arrives at zero assets after n periods
and its consumption path implies ¢, = 1, exactly equal to next period’s income. Thus ¢y = 7",
which together with the budget constraint gives

—n_q
a”ziﬁ —n.

1-p
Consumption is continuous and piecewise linear, with MPC 1/S,, on the nth segment. Note in
this example, the entire nonlinearity of the consumption function is at the kink points.

Figure C.1(a) plots this consumption function for an assumed g = 0.9, with solid dots denoting
the kink points. For the aggregation below, we will further suppose that initial assets are lognor-
mally distributed with mean 0.5 and log standard deviation 0.5; panel (b) overlays this density on
the individual MPC schedule.

Aggregation and discretization. An aggregate transfer T shifts each household from assets a to
a+ T. If f is the smooth lognormal asset density, aggregate current consumption is

C(T) = /Ooo c(a+T)f(a)da.

We compare this distribution in figure C.2 with a 21-point Rouwenhorst discretization that matches
mean assets and the standard deviation of log assets. Note that the nonlinear consumption func-
tions C(T) implied by the smooth density and discretization are visually indistinguishable in

panel (b).

A-20Note this model is not stationary, so contrary to the rest of the paper, its derivatives are taken around an arbitrary
initial distribution rather than around the steady state.
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Figure C.3: Numerical estimates of higher derivatives of aggregate consumption

Higher-order numerical differentiation. Let F and f denote the CDF and density of assets. At
kink a7, the individual MPC changes by

1 1

Sq+1 Sq

The aggregate derivatives at T = 0 are therefore

C"(0) = )_ Amyf(a7), C"(0) = — Y Amgf'(a?).
g>1 q=1
which we can calculate directly using the smooth density f.

Figure C.3 compares these exact derivatives with derivatives obtained using numerical dif-
ferentiation of C(T), implemented using centered finite differences over various step sizes h €
[1074,1072] as in figure 8, when C(T) is calculated using either the smooth density or its dis-
cretization. Although these two versions of C(T) were visually indistinguishable in figure C.2(b),
their higher-order numerical derivatives are not: the derivatives for the discretized version of
C(T) are unreliable and erratic, while the derivatives for the smooth C(T) agree with the exact
computation.

The reason is closely related to our earlier discussion: when C(T) is calculated using a dis-
cretized distribution, its higher-order numerical derivatives at 0 depend on whether any of the
mass points a are close to a kink. If they are not at a kink, so that the finite differences (i.e. a + h
and a — h for second order) do not cross any kinks for small /, the estimated derivatives will be
exactly zero. This is indeed the case for small /1 in both panels of figure C.3. But once & becomes
sufficiently large, then the finite differences start to cross kinks, at which higher derivatives are lo-

cally infinite. This results in erratic estimates for C”(0) and C"”(0), with the latter being especially
extreme.
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Figure C.4: Taylor approximations to aggregate consumption

Taylor approximation. Figure C.4(a) compares first-, second-, and third-order Taylor approx-
imations around T = 0 with the nonlinear change in consumption over transfers from —0.2
to 0.2. Panel (b) reports the corresponding errors relative to the nonlinear consumption change
AC = C(T) — C(0). The first-order approximation is visibly inaccurate for larger transfers, with
errors reaching roughly 10-15% at the endpoints. The second-order approximation captures most
of the curvature, while the third-order approximation keeps the absolute error below about 3%
throughout the range, although errors begin to grow near the boundaries."?!

Average consumption over several periods. The preceding results concern current consump-
tion. We can also ask how well the Taylor approximations perform for cumulative consumption

over several periods. For a household starting with assets a, define cumulative and average con-
sumption over the next H periods as

H-1 )
Gu(a) = ;) ci(a),  Gu(a) =

If the household reaches the constraint within the horizon, it spends all of its initial assets during
these H periods. Cumulative consumption is then initial assets plus total income, so Gy(a) =

a + H, regardless of exactly when the constraint is reached. If n > H, the household remains
unconstrained throughout the horizon, so consumption continues to satisfy ¢; = fco and

at+n
Sn !

GH((Z) =Sy ac [a"il,a”].

A2lnterestingly, the Taylor series around T = 0 has radius of convergence of only a! = =1 —1 ~ 0.11. This is
because at T = a!, the first consumption kink reaches the lower endpoint of the asset distribution (0), where the
lognormal density is smooth but not analytic. An infinite series therefore diverges for |T| > a', but the accuracy shown

here illustrates that finite Taylor approximations can still work well beyond this radius when the relevant lower-order
derivatives are sufficiently well-behaved.
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Figure C.5: Consumption averaged over multiple periods

Hence, the segments on which the constraint is reached within the horizon all collapse to the same
line, with slope 1/ H for average consumption. The kinks at a!,...,a""~! disappear from Gy, and
its first remaining kink is at af!. Figure C.5(a) shows how increasing the horizon successively
removes these low-asset kinks.

Finally, define aggregate average consumption as

Cr(T) = /0°° Gul(a+ T)f(a) da.

Figure C.5(b) repeats the Taylor-approximation exercise for H = 2, which is average consumption
over the first two periods rather than one. The linear approximation is better but remains no-
ticeably inaccurate; the second- and third-order errors, however, are now around 1% or less over
nearly the entire range of transfers. Intuitively, as the kink points near the lognormal distribution’s
extreme curvature just above zero (figure C.1(b)) are removed, aggregate consumption becomes
much better-behaved: although it is still nonlinear, it is regular enough to be well-captured by a
second- or third-order Taylor expansion.**? This helps explain why, in appendix D, we find that
perturbation does even better for cumulative outcomes over a few periods.

Taking stock. Kinks in the individual consumption function, which emerge naturally in mod-
els with a borrowing constraint, do not by themselves rule out higher-order approximation: when
households are smoothly distributed, aggregation produces a smooth consumption function whose
derivatives capture households crossing the kinks. The problem is the combination of kinked poli-
cies and a distribution with mass points. As figures C.2 and C.3 show, a discretization can match
aggregate consumption almost exactly in levels, while producing unreliable higher derivatives. By

contrast, with a smooth distribution, second- and third-order approximations can capture substan-

A22This improved approximation can be understood in part via the observation in footnote A-21: averaging over H
periods expands the radius of convergence from a' to a'.
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tial nonlinearities, especially for cumulative outcomes over which the most important individual

kinks disappear.

C.2 Smooth SIM model: solution and implementation

We now describe the smooth standard incomplete markets model used in the paper. The key addi-
tion to the usual model is a continuously distributed i.i.d. component of income. This component
is realized and integrated out within the period, so it smooths the distribution of cash on hand
without adding a state variable. It thereby eliminates the mass points in cash on hand that caused
the difficulty in Appendix C.1, as well as the secondary kinks in the policy function: consumption
is smooth everywhere except where the borrowing constraint starts to bind.**?

Household problem and timing. Lets = (e, ) denote the household’s discrete state and let Iy
be its transition matrix. At the beginning of period t, the household enters with assets a, observes
s and the transitory shock ¢, and then chooses consumption ¢ and assets 4’. In the notation of
equation (6), the Bellman equation is

Vi(a,s) = E¢

a'>a

max {u(c) +BY T E Vi (a',s) }] , (A.40)
S/
c+a =1 +r)a+ Zel + Tr.

We retain time subscripts on r; and Tr; because both vary in some of the exercises in the paper. To
be consistent with equation (7) in the main text, however, we suppress them as arguments of the
household maps below. In the baseline calibration, u(c) = logc, a = 0, and

logg ~ N(—0z/2,02), EE=1

We solve the household problem in three backward stages. This decomposition makes explicit the
construction of the map V(Z;, E;v;41) in the stacked household block in (7).

1. Continuation values. We iterate on the marginal value of incoming assets, v:(a,s) = V,(a,s).

Let wi(a',s) = BE¢[Vi41(a’,s")|s] denote the discounted expected continuation value, so that the
objective inside (A.40) is u(c) + w(a’, s) . Its derivative is

Wa(d',s) = BY TErvpyq(a,s). (A.41)
S/

2. Endogenous-grid solution conditional on cash on hand. Write cash on hand as

m= (1+rt)a+ Zie¢ + Try.

A23Code and slides for the implementation of the model, although the notation differs, is available at lecture 9 of
https://github.com/shade-econ/nber-workshop-2025.
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Conditional on s and m, the household solves

max{u(m —a') + wi(d’,s)}.
a'>a

At each asset gridpoint a;,2?* the interior first-order condition gives
csi = (u) Nway(a;s)), Mg = a; + Cs ;. (A42)

For our assumed CRRA utility with coefficient 1, this is ¢;; = wy (a;, s) ~1/7_ Thus the endogenous
gridpoint method of Carroll (2006) directly supplies observations (1 ;,¢5 ;). We interpolate these
observations with a cubic spline. If m; = m; is the first endogenous gridpoint, the complete
policy is

m—a, m < mj,

ct(m,s) = (A.43)

Cr(m,s), m>my,
where ¢; is the spline. Hence, for each discrete state s, the consumption policy has a single kink at
m;, which is the point at which the borrowing constraint ceases to bind.

3. Integration over the transitory shock. The envelope condition returns the marginal value at

the original asset gridpoints:
ve(a,s) = (14 re)Eg [/ (ci((1+1¢)a+ Zie€ + Try,s))] - (A.44)

This expectation must be evaluated carefully because there is a kink at m}. Let d;(a) = (1 +r¢)a +
Tri, x = log(Zieg), and ps = log(Zie) — 07/2. When dy(a) < mj, set xi(a) = log(m{ — di(a)).
Then

vi(a,s) _ /XS u' (dy(a) + e* — a) ps(x) dx

+ ) u'(Cr(de(a) +¢€*,s)) ps(x) dx, (A.45)
where ps is the density of a normal random variable with mean 5 and standard deviation oz. If
d¢(a) > m}, only the second integral is needed. Numerically, we apply a fixed, high-order Gauss-
Legendre rule separately to each nonempty interval. Splitting at the kink is important: a single
quadrature rule whose nodes move across the kink is much less accurate and can lead to erratic
numerical derivatives, similar to those we will see in the non-smooth model in appendix C.3.A4-%

The combination of equations (A.41)—(A.45) defines the map V(Z;, Esvi41) in (7).

A240ur implementation uses 200 double-exponentially spaced asset gridpoints on [0,1000]. If u; is uniformly spaced
from zero to log[1 +log(1 + 1000)], then a; = exp(exp(u;) —1) — 1.

A25Concretely, we truncate at s + 80z and use 40 Gauss-Legendre nodes on each nonempty side. In cases where we
are far from the kink, we could also use Gauss-Hermite with a smaller number of nodes, but we stick to Gauss-Legendre
for simplicity.
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Forward iteration of the distribution. The smooth shock also permits a continuous-distribution
implementation of the forward step. For each discrete state, we represent the conditional CDF
of assets on the same asset grid used for the backward iteration. The CDF may have a mass
point at g, but it is smooth above the constraint. We interpolate the stored CDF values with a
cubic spline whenever the CDF is evaluated between gridpoints. Thus the vector ¢, in the main
text may equivalently be viewed as CDF values at the knots or as coefficients of the cubic spline
representation; the two are related by a fixed linear transformation.

To see the forward step, hold the current state s fixed and let ®;_15(a) = Pr(a;_1 <a|s; =5s)

denote the CDF of incoming assets at t. The CDF of cash on hand is the convolution

a2t = [ @ (M) feya (A0

where ®;_1 , is understood to be zero below the borrowing limit. Next, denote by ®; ¢ (a;) the post-
saving CDF over assets conditional on the current state s. Since the saving policy is monotone and

equation (A.42) maps m;; into a;, we can obtain &)t,s( ;) without inversion or lottery: A-26

Dy s (a;) = D (). (A.47)

In particular, ®;¢(a) = Cngh(m;‘) records the mass at the constraint. Equation (A.46) is evaluated
with the same quadrature rule in log transitory income.
The last forward stage applies the transition of the discrete state. If @ is the stationary distri-

bution of s, defining the reverse conditional transition matrix as

I
I15Y =Pr(st =s|s41=5) = D s (A.48)
@y
we have that the CDF carried into the next period, conditional on s/, is
Dy = ZHreVCDt s (A.49)

S

The combination of equations (A.46)—(A.49) defines the map A(Z;, E;v;41, ¢,_4) in (7).5°%

Aggregate consumption can be computed by integrating the policy over incoming assets, cur-
rent discrete states, and ¢, as described in appendix A.5. In the implementation we use the equiv-
alent aggregate budget identity

Cr=2Zi+ (1 +r)Am1+Tr — Ay, Zws/ (1— Dye(a)) da, (A.50)

where 7 is the upper endpoint of the numerical asset grid and the baseline borrowing limitisa = 0.

A26Thjs is also the key insight behind the distributional EGM method of Bayer et al. (2026b).
A27To avoid instability in the spline near the boundary, our current implementation also smoothly forces the CDF to
one near the upper end of the asset grid, which we choose so that it is far from much probability mass.
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Figure C.6: Policies and conditional distributions in the smooth SIM model (low B type)

The survival functions are integrated as cubic splines. Equation (A.50) defines C(Z;, E1vi11, ¢;_4),
as well as the corresponding asset equation A(Z;, E;vs11, ¢, ;). Although the individual policy
retains a kink and the asset distribution an atom at the borrowing constraint, integration over the
continuous ¢ shock makes V, A, and C smooth functions of their aggregate arguments.

All parameter values follow the calibration reported in appendix A.5. We discretize persistent
income using the Rouwenhorst method (Kopecky and Suen, 2010) and compute the steady state
by standard backward and forward iteration until convergence.*2

Figure C.6 shows the two objects that result from the backward and forward iterations. To
make the kink most visible, both panels condition on the lower discount-factor type. The con-
sumption function has one kink for each persistent-income state and is smooth thereafter. The

conditional asset CDFs have an atom at zero but no other jumps.

C.3 Smooth vs. non-smooth model

We next compare the smooth model with a conventional finite-state approximation and non-

smooth implementation of an otherwise identical model.

Discrete non-smooth benchmark. We now approximate the i.i.d. shock ¢ with a five-state, zero-
persistence Rouwenhorst process, following the same construction used for the persistent compo-
nent of income (Kopecky and Suen, 2010). The process is normalized to match the mean and level

variance of the continuous lognormal.A*’

A-28The convergence criteria are a maximum change below 10~ in the endogenous cash-on-hand grid and below 1011
in the conditional CDFs.

A29 A five-point Gauss-Hermite approximation, treating its quadrature nodes as discrete i.i.d. shock states, produces
the same qualitative results as in figure C.7: the first numerical derivative is stable, while the second and especially the
third vary sharply with the finite-difference step size.
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Figure C.7: Numerical derivatives of impact consumption with respect to a one-time income Z shock

We then solve the non-smooth model using the endogenous-grid method of Carroll (2006) with
linear interpolation and the lottery method of Young (2010), following our typical approach (e.g.,
Auclert et al., 2021). Holding the smooth model’s discount factors fixed gives A = 4.01314 and an
impact income MPC of 0.19889, compared with targets of 4 and 0.2. These small gaps suggest that

the two models are very close in levels and first-order behavior."

Numerical derivatives. The distinction becomes sharp at higher order. Let Cy(z) denote impact
consumption when Zy = Zss 4 z, with subsequent Z; and transfers held at their baseline values.
For each step size h, we estimate its first three derivatives at z = 0 using centered finite differences.
Figure C.7 reports these estimates over i € [107%,1072], holding the smooth discount factors fixed
in both models. The first derivatives are stable and nearly identical. In the smooth model, both
the second and third derivatives are stable around & = 103, where their estimated values are ap-
proximately —0.963 and 4.11. In the non-smooth model, the second derivative varies substantially
with i, while the third derivative is erratic and becomes very large at small step sizes.

The mechanism is the one described in Appendix C.1: mass points in the non-smooth distribu-
tion interact with kinks in the individual policy. The problem is more severe here because linear
interpolation creates many closely spaced kinks throughout the policy function. As a result, the
estimated third derivative is unstable and remains far from the smooth benchmark throughout
the range of 1 shown in Figure C.7.

D Quantifying nonlinearities

Figures 1, 2 and B.4 show that third order very accurately captures the nonlinear solution in our
model, for aggregate income shocks of up to £10% of GDD, in both partial and general equilib-
rium. Bianchi and Kaplan (2026) instead argue that the third order approximation works poorly:

in their words, “local methods of any order are unlikely to be reliable in settings where a fail-

A-30Recalibrating the non-smooth model to the same targets instead gives (,B%isc,ﬁ‘}}sc) = (0.9597140,0.9904922),
changes of —0.0002504 and —0.0000026 relative to the smooth calibration.
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Figure D.1: Cumulative impulse response of consumption

ure of Ricardian equivalence from high MPCs is important.” Here, we show that a third order
solution continues to work well for many variants of our model—all featuring lack of Ricardian

equivalence from high MPCs—and also explore the types of situations in which it works less well.

Smooth vs unsmooth model. As discussed in appendix C, implementation of a third-order ap-
proximation via numerical differentiation requires a smooth underlying model, which Bianchi and
Kaplan (2026) do not have. We therefore focus on our smooth model. Appendix C discusses at
length the types of problems one encounters with perturbation when using a non-smooth model,

so we do not discuss this issue further here.

Impact vs cumulative multipliers. As figures 2 and B.4 clearly illustrate, the size effect of in-
come on consumption is concave on impact but convex later on, irrespective of the nature of the
shock. As discussed in section 3.2, this is due to the intertemporal budget constraint, which holds
nonlinearly. Hence, concavity is largest when we look at the impact effect: when we consider the
cumulative effect on consumption from an income shock over longer horizons, we should expect

the nonlinearity to progressively disappear.
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Figure D.1 illustrates this pattern. Panel (a) shows the cumulative consumption response over
the first two quarters, Z}:O(Ct — Css), following our baseline income shock in the PE model. The
concavity and convexity in figure 2 partly offset, bringing the first-, second-, and third-order pre-
dictions much closer to the nonlinear perfect-foresight response. Panel (b) shows that this is also
true in the GE model. Panel (c) shows the discounted cumulative response over the infinite hori-
zon: in the PE model, we get all responses on a line with slope 1, as predicted by the intertemporal
budget constraint. In the GE model, there is not such a clean theoretical benchmark, but the
nonlinear responses are nevertheless all very close to linear, with slope equal to the cumulative
transfer multiplier (which is around 0.6 in our model).

We consider the partial equilibrium model first, and then turn to the general equilibrium

model, in which the same broad conclusions hold.

Lump-sum vs proportional transfers. Our baseline model has a shock to transfers that is dis-
tributed proportionately to household income (via Z in the PE model or 7 in the GE model), as
would be the case for changes in tax rates. In practice, some transfers are distributed more pro-
gressively, the classic case being that of lump-sum transfers. Figure D.2 considers the effect of a
one-off lump-sum transfer, where the shock is to Tr; rather than Z; in equation 6. As the perfect-
foresight lines show, nonlinearities are bigger for these transfers: there is both more concavity in
the first quarter (left panel) and more convexity in the second quarter (middle panel), implying
that large positive shocks have a lower impact and more persistent effect on consumption relative
to their size. This type of nonlinearity is intuitive: very large lump-sum shocks have a highly
disproportionate effect on households with low income and low assets. In fact, for agents with
approximately zero productivity and zero incoming assets, a negative income shock that exceeds
the steady state Tr is not even compatible with positive consumption, whereas a positive shock of
that size would lead to large savings.

In conclusion, lump-sum transfers do create larger nonlinearities than proportional transfers,
and these imply that the second and even the third order perturbation can fail to capture the non-
linearities correctly at very large shock sizes—for instance, the third order does poorly with shocks
of +10% of quarterly GDDP, although it does much better with shocks of -10% of quarterly GDP (re-
call that steady state transfers are 14% of quarterly GDP, so -10% is close to the maximum feasible
reduction). Even then, these approximation errors partly offset when we sum consumption over
the first two quarters (right panel of Figure D.2).

Transitory vs persistent transfers. So far, we have only considered fully transitory transfers,
both proportional and lump-sum (o7 = pr, = 0). In practice, however, large fiscal shocks are
often persistent. Persistence, in turn, matters for the nonlinearity of the impact response of a
transfer on consumption, because individuals at the borrowing constraint are unable to borrow
against anticipated future transfers while those further away from the constraint can to some

extent, making effective marginal propensities to consume out of transfer receipts less unequal.
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Figure D.2: Response to a one-time lump-sum transfer (PE model)
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Figure D.3: Response to a lump-sum transfer with persistence 0.7 (PE model)

Indeed, figure D.3 shows that for aggregate, lump-sum income shocks of persistence p = 0.7,
much of the nonlinearity in both the impact and the delayed effect on consumption goes away—
in fact, with this amount of persistence, the t = 1 response is still mildly concave in size, with
convexity appearing at longer horizons; the cumulative response over the first two quarters is
already close to linear. Interestingly, even though higher persistence, conditional on the same

impact transfer shock, makes the cumulative transfer much larger, the nonlinearity is nevertheless
much smaller.

General equilibrium vs partial equilibrium. We have seen that, in our partial equilibrium
model, nonlinearities are greatest when shocks are lump-sum, have no persistence, and their effect
is considered over a single quarter. These results carry over to the general equilibrium version of
the model, which features amplification from consumption to income across periods but does not
fundamentally alter the nature of the nonlinearities in the effect of the fiscal shock itself.

Indeed, figures D.4 and D.5 reproduce D.2 and D.3 in the general equilibrium version of our
model, with our background fiscal rule in place to bring bonds back to the steady state at rate pp =
0.95. For persistent transfers, each additional transfer is financed by borrowing, while existing
debt continues to be repaid at the same rate. While the amplification effect from the intertemporal
Keynesian cross alters the slope of the first-order lines, similar nonlinearities as in the partial
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equilibrium model exist in the perfect foresight solution, and the second- and third-order solutions
do a similar job at capturing them: the third order solution performs poorly for very large one-off
lump-sum transfers, but does better once we sum the effects over the first two quarters, consider

a more persistent shock, or both.
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Figure D.4: Response to a one-time lump-sum transfer (GE model)
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Figure D.5: Response to a lump-sum transfer with persistence 0.7 (GE model)

Covid-sized shock. Covid was a unique historical episode, with the largest-ever fiscal transfers
seen in the United States. This provides a natural setting to judge the plausible magnitude and
persistence of fiscal shocks.

The left panel of figure D.6 shows U.S. federal net borrowing over potential GDP, net of its pre-
pandemic baseline.*! The figure overlays an AR(1) shock with impact size 0.2 and persistence
0.7: this is very close to the best nonlinear least squares AR(1) fit (with impact 0.181 and persistence
0.726, plotted in the dashed blue line). Indeed, the quarterly fiscal deficit was very high in both
2020Q2 and 2021Q1; it only fell gradually back to its pre-Covid level over the following two years.
A first takeaway from this exercise is that a fiscal shock persistence of p = 0.7, as in figures D.5
and D.3, is a natural approximation, and we have seen that this kind of persistence mitigates the

nonlinearities in the impact effect of shocks.

A-31Federal net borrowing is from the BEA (FRED: AD02RC1Q027SBEA), potential GDP is from the CBO (FRED:
NGDPPOT), and we take the baseline to be 20190Q4 value of the ratio.
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Figure D.6: Response to Covid shock

It is unclear whether we should model the effect of this shock as a lump-sum or a proportional
transfer. Very far from all of the deficit went to pay for direct fiscal transfers to households, for
which a lump sum would be appropriate: for instance, a significant fraction also financed transfers
to firms to make payroll, which eventually benefited households in proportion to their income. A
50/50 mix of lump-sum and proportional transfers seems like a plausible assumption, though we
also consider pure lump-sum and pure proportional transfers for completeness.

Panels b, ¢ and d of figure D.6 show the nonlinear partial equilibrium consumption response
to shocks with impact size 20% of quarterly GDP and persistence 0.7. For pure lump-sum trans-
fers, even the third order solution has trouble matching the perfect-foresight solution on impact.
However, third and even second-order appear quite accurate when we consider pure proportional
transfers, or even a 50/50 mix of proportional and lump-sum transfers.

We view this good performance as a favorable result from a demanding stress test of perturba-
tion. Given that the Covid pandemic was an exceptional, unanticipated event in modern US his-
tory, we would feel comfortable advising nonlinear MIT shocks rather than perturbation—whose

main advantage is capturing how ongoing aggregate risk affects behavior—for a pandemic-sized
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shock. But even at this unusual magnitude, third-order perturbation nevertheless acquits itself

well for proportional transfers and for the plausible 50/50 mix.

Takeaway. We find that third order perturbation used correctly on a smooth model is likely to
be reliable in most settings where a failure of Ricardian equivalence from high MPCs is important.
In our experiments, significant errors in the third order approximation relative to the nonlinear
perfect foresight solution only appear when most or all of the following features are present: 1)
pure lump-sum rather than proportional (or a mix of proportional and lump-sum) transfers, 2)
transitory rather than persistent transfers, 3) looking at the impact effect, rather than cumulative
effect over a few quarters, and 4) shocks that are outside of a plausible range for business-cycle
fluctuations, such as a Covid-sized shock.

E Appendix to section 4

E.1 Proof of the one-shot principle

Let e = (€1,€-1,...) and let U(e) denote the exact solution of (34). Set
A=Hy(Ugs0)  and Qc(V)=V—-A'H(V,e).

Thus U(e) is a fixed point of Q,, while (35) sets Ul = Qe(U[k_” ), starting from Ul = U,,.
At the deterministic steady state,

Qo o a-lga
S2(Uy) =1-A"'A=0.

Smoothness therefore implies, for e sufficiently small and for V within order | €| of the steady
state,
1Qe(V) = Qe(U(e))|| = Cllell[|V = Ute)] (A51)

The implicit function theorem gives U(e) — Uss = O(]|€||). Hence the initial error is of first order,

and inequality (A.51) raises its order by one at every iteration. Induction gives
U —U(e) = O(Jle][*). (A.52)
The second line of the recursion in proposition 7 defines the approximate outcome as
Xlk] =X (U[k],e) ,
while the exact perfect-foresight outcome is

X(0,€) = X (U(e),€).
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Since X is smooth, its change between these two evaluations is bounded by a constant times the
change in its first argument. Equation (A.52) therefore gives

|x = x(0.0)| < c|ul —u(e)| = OCllell ) = o(llel]"),

which proves the proposition. The same argument, with the expectational shifter in place of €,
proves the steady-state version.

E.2 Practical implementation details

The MIT-shock routine X}W T(v, X_,U) takes as its initial condition the state X_ at date —1, imme-
diately before the date-zero shock, and returns the outcome at date j > 0.

Equations (36)—(38) follow by applying this routine successively. Normalize the date of the
newest shock v to zero. If the earlier shock € arrives at date —I, the state immediately before the
newest shock is XlAfllT(e), giving (37). With a third shock €’ at date —I’, where 0 < I < I’, the state
immediately before the middle shock is X)!!T (¢’). Starting the middle-shock transition from this
state and evaluating it | — 1 periods later gives the state XMITZ (e, €) immediately before the
newest shock, as in (38). Each shock is unanticipated when it arrives, and no subsequent shock is
anticipated in any of these transitions. Uniqueness of the perfect-foresight continuation therefore
ensures that the recursively constructed paths coincide with the shock responses defined in section
3.

By (A.52), a derivative of total order g can be calculated after replacing each nonlinear equi-
librium solution U by Ul7. This replacement applies both to the final transition and to the earlier
transitions used to construct its inherited state. Smooth composition preserves agreement through
order g.

Equation (39) gives the second-order formula for a single shock. Its third-order analogue is

_® owir 3]
Xj = XM (v, X, 0P (v, ) ) » (A53)
To write the remaining expressions compactly, for 1 > 1 define
s (e) = xMIT (e, X, Ul (e, X)). (A.54)

Thus S Lq] (€) approximates the state immediately before a new shock arriving h periods after €. In
particular, when i = 1, the inherited state is the impact outcome of the earlier shock.
For | > 0, the second-order coefficient from two shocks is

82
it = 55

XMIT (1/ S[Z]( ), Ul (1/, Sl[z](e))) (A.55)

v=€e=0
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The two third-order coefficients from the same experiment are

) (A.56)

v=e=0

ot (. < 5 3]
Xpjj+t = ov2 anj (V’ S (e), U s (V 5 (e )))
X

A 3] §
JitLj+ = WX]MIT (V, 5 (e),U U (V 5 (€ ))) (A.57)

v=e=0

Finally, for 0 < I < I’, define the state inherited from two earlier shocks by
sl (e,e') = xMIT (e, sP (e, ub ( s (e ))) . (A.58)

Here 51[,3]_[(6/ ) is the state immediately before the middle shock at date —I. The outer routine
returns the outcome / — 1 periods after that shock, at date —1, immediately before the newest
shock. Hence Sl[ l},(e €¢’) approximates XMITI e, €).

The third-order coefficient from three shocks is therefore

93
X1 — XMIT (1/ 51[311/(6 e'), Ul (1/ 51[31]/(6 € ))) (A.59)

, =
JHLH T S 9e 0e!

v=e=¢'=0

All expressions apply for j > 0. Each equilibrium solve uses two fixed-Jacobian iterations for
a second-order derivative and three for a third-order derivative, so no nonlinear fixed point is
required.

For the risk-related terms, write U(6) for the steady-state unknowns when expectations are
shifted by Xypd. They solve

H(U(5), Xp6) =0,  U(0) = Us.

Differentiating at zero gives

oH X
HuU'(0) + w 0.
5=0
Consequently, (U s
U’(O) = —H&l 4( SS(/S 00 ) 5 7
=0

which is (40) when U, denotes U’(0). Substituting this derivative into the reconstruction of the
steady state gives X,. Equivalently, because this is a first derivative with respect to J, it is ob-
tained by one fixed-Jacobian iteration.

The mixed risk term can be constructed just as explicitly. Let
XI({Ai}v, X1, U)

denote the reconstruction of the date-j outcome of (25), given the expectation shifts, the date-zero
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shock, the common initial and terminal state X?, and the unknown path U. Let urtlal ({A:},v, Xb)
denote g fixed-Jacobian iterations for the corresponding reduced equilibrium system, starting from
the steady-state path. The second-order risky-steady-state result implies

XPSS(X()()(S) =X+ ngé + 0((5)

Only this first-order change in the boundary state affects the mixed derivative below.
For the risky-steady-state component, the one-shot construction is

02

550X} ({ X000, Xood, ..}, v, X + X,

(Xgaj)rss _

UPH2) ({ Xood, Koo, - },V,X+XW5))‘5 . (A60)

=y=0

This uses two iterations because the derivative is of total order two.
For the time-varying precautionary component, set
t .
AP (8) = Xoo,it1, i>0.

There is no realized shock and both boundary conditions remain at X, so the corresponding con-
struction is

d

(%eoy)™" = 35 X1 (1817(6)1,0, 5,07 ({A]7(5)),0,X) ) (A61)

6=0
Only one iteration is needed because this is a first derivative. Adding (A.60) and (A.61) gives X;
by (24), without solving a nonlinear fixed point.

E.3 Choice of truncation details

We now describe the calculations underlying figure 7 in more detail. Throughout, we assume &
has the same moments (up to 6th) as a standard normal and set ¢ = 0.05. We normalize most
measures of error by the standard deviation ¢/%g, implied by the first-order solution, where
Top =Y ij as in proposition 6.

We adopt two notational conventions. First, Ligy < Lpigh denote the two history lengths being
compared (Lnigh = 300 for the benchmark comparisons in (a), and Lpjn = Liow + 20 for the
successive Ls used in extrapolation in (b) and (c)). Second, for convenience we use &, &jj, etc. to
denote scalar coefficients for the outcome of interest (here, output), rather than the full vector X.

Second order. Define Xj;(L) to equal &j; when min(i,j) < T and |i —j| < L, and zero oth-
erwise, and then AX}; = XZJ(thgh) Xij(Liow). The difference between the two truncated ap-
proximations is then AX; @ _ 5 ZZ,] Xije;—i€;—j. Using the Gaussian moments and noting that
AX;; = 0, its exact root mean square is 0[5 ¥, ;(AX;;)?]'/2. Normalizing by ¢/%2, we report

o3 Y, (AX;})?]1/2/ /20 2. The maximum-coefficient diagnostic similarly reports o max; j |AX;;|/ /o2,
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which turns out to decay at a similar rate.

For the second-order moment lines, let Z;ﬁ(L) denote the first term in ¥4 in Proposition
6, evaluated at history length L, and define AZﬁ = Z}(ﬁ(Lhigh) — Zﬁ(Llow). Ath = 0, the
resulting difference in variance is 04|AZ(()?4) |. We convert this locally into a difference in standard
deviations using dv/V = dV /(24/V) around the first-order approximation V = ¢2%,. This gives
(73]AZ(()?4)] /(24/Zo2), which after normalizing by the first-order standard deviation becomes the
reported error 02|A284) |/(2Z05). At h = 5, the difference in autocovariances is o mzﬁ |; dividing

directly by the first-order variance gives the reported error (72|A2g4) |/Z02.

Third order. We continue to hold T = 300 fixed and also hold the second-order solution fixed
at L = 100. Define Xjj(L) to equal Xjj when min(i, j, k) < T and max(i, j, k) —min(i, j, k) < L,
and zero otherwise, and let AXjjx = Xjjx(Lhigh) — Xjjk(Liow)- For &y, only the time-varying pre-
cautionary component depends on L; for each L, we recompute it using the third-order histories
truncated at L, while holding the risky-steady-state component fixed, and then define AX,,; =
er(i ()Lhigh) — Xypi(Liow). The difference between the two third-order approximations is then
AXP

moments, its mean square can be shown to be

= % Yk AXijk€r—i€r—j€rk + %02 Y.i AX,si€;—;. Using the assumption that € has Gaussian

2
1 1
IE[(AXF'))Z] =¢° 6 Z(AXZJk)Z + E Z (AXUUZ' + ZAXZ]]> . (A.62)
i,jk i j

To illustrate (A.62), note that after squaring the cubic part of AXt(S) and expanding, a product has
nonzero expectation only if every dated shock appears an even number of times. One contribution
matches the three shock factors in one copy with the three factors in the other; there are 3! = 6 such
matchings. Each contributes a product of three variances, 0%, so symmetry gives 60° Yoijk (A./"L’Z-]-k)2 ;
multiplication by (1/6)? gives the first term on the right above. The other nonzero terms in the
expansion, involving repeated shock dates or AX,,;, produce the second term on the right.*3?
After taking the square root of (A.62), we normalize by 0/, as at second order. We also
calculate the moment errors as at second order, now using the change between Ly, and Lp;gh in
the final two terms of X, 4 in proposition 6, which involve X;,; and &jj;. As noted in the main
text, these terms are linear in the third-order coefficients rather than squared, explaining why they

decay more slowly with L in figure 7(c) than the second-order moment errors in (b).

Extrapolation. For each diagnostic, let g9 denote its value when comparing history lengths L — 40
and L — 20, and let g; denote its value when comparing L — 20 and L. Setting r = q1/40, we as-
sume, when 0 < r < 1, that further 20-lag increases contribute g;7, q1r2, .... For second-order

root mean square, terms from disjoint ranges of |i — j| are uncorrelated, so the extrapolated to-

A-32We have also validated (A.62) using Monte Carlo simulation; since (A.62) is exact and lacks Monte Carlo noise, it
is preferable for practical truncation diagnostics.
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Figure E.1: Truncation error in the smooth SIM (PE) solution by history length L

tal error at L relative to the infinite-history expansion is g17/+v/'1 — r2. For moment errors and all
third-order diagnostics, we sum absolute projected changes instead, giving a conservative esti-
mate g7/ (1 — r) of this total error.

Partial equilibrium. Figure E.1 applies identical diagnostics to consumption in the PE smooth
SIM model, giving the PE counterpart of figure 7. At L = 100, every diagnostic is below our
5 x 107 target; the largest is the direct second-order root mean squared error, approximately
3.0 x 10~*. This supports the same choice of L = 100 as in the GE IKC model.

E.4 Numerical differentiation details

In our implementation, we first apply the finite-difference formulas to the computationally costly
household transition, then differentiate the aggregate equilibrium conditions and solve for the
associated general-equilibrium response using the one-shot procedure in appendices E.1 and E.2.
The main text gives the centered formulas for first- and second-order derivatives in equations (41)
and (42). For third-order size dependence, we use the seven-point centered stencil

N XMIT(—3h) — 8XMIT(=2h) +13XMT (~h) — 13XM!T () + 8XMIT(2h) — XMIT(3h)
iii = 8h3

(A.63)
Assuming sufficient differentiability, this has error of order i*. We use this wider stencil—as op-
posed to the simpler five-point stencil—because third-order numerical differentiation is demand-
ing numerically, and a more accurate formula is necessary to achieve sufficiently low error.
For shocks at different dates, let I and I’ be the lags of the middle and oldest shocks relative to
the newest shock, with 0 < I < I. The relevant polarization identity can be written as
A3

1 ' y
Hieaier = g |, T ) =X ) = X

= XM ) + XM () + XM (p) + XM () = X
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Figure E.2: Relative discrepancies between numerical and analytical impact output derivatives (IKC model)

We evaluate the derivative of the bracket using the seven-point stencil above. The displayed for-
mula assumes three distinct shock dates. When the newest two indices coincide, its three-shock
term is instead evaluated as X]MI ol (217,1). When the oldest two indices coincide, the correspond-
ing term is X]MI Tl (1,217). (When all three coincide, we simply have a size effect.) To limit repeated
nonlinear household transition computations, we reuse each one-shock transition wherever it ap-
pears, and each two-shock transition across coefficient calculations with the same separation be-

tween shocks.

Figure E.2 plots the relative discrepancies between the numerical and analytical impact output
coefficients, displayed in figure 8, on a logarithmic scale. As our defaults throughout the paper, we
choose points roughly near the middle of the stable region for numerical differentiation: h; = 104
for first order, i, = 2 x 10~* for second order, and h3 = 1072 for third order. The figure confirms
that numerical differentiation is accurate relative to the analytical benchmark in these regions—
albeit with somewhat higher error, as usual for numerical differentiation, for second and third vs.

first order.

E.5 Analytical differentiation details

¢ Use the construction of the functions V, * in C.2 to give details of what we say in text for first
and second order
E.6 Exponential mixture approximation and extended timings
¢ Fitting the first-order exponential
* Give the second-order recursions
¢ Explain the third order

¢ Add extended speed table with exponential + quantitative model
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Model Object to compute Type of differentiation

Numerical Analytical Exponential

Pre-computation Steady state 40s 40s 40s
(neededf(l))r PE & GE) Other setup 0.0s 12s 12s
First-order solution 404 s 15s 15s

RSS and ergodic mean 16.0 s 05s 0.5s

Second-order solution 4.7 m 10.6 s 05s

SIM model (PE) Moments to fifth order 12.7 m 14.7 s 09s
Third-order solution 3.7h 45m 1.7 s

RSS and ergodic mean 153s 04s 12s

Second-order solution 4.7 m 10.7 s 1.3s

IKC model (GE) Moments to fifth order 154 m 16.8's 17.3s
Third-order solution 39h 44m 185s

RSS and ergodic mean 36.7 s 11s 40s

Quantitative model Second-order solution 41.4 m 95.8 s 57s
v Moments to fifth order 27h 35m 1.3 m
Third-order solution 103.1 h 20h 34m

Note: Times are cumulative within each block.

Table E.1: Computation speed for sequence space solution: extended version

E.7 Sequence space vs. state space: the N country neoclassical growth model

In this section, we consider an N country extension of the Neoclassical Growth Model in Example
1. Each country is indexed by i = 1,..., N, and has its own risk aversion parameter 7; , capital
share &;, loading {; on the world’s aggregate TFD, and initial level of capital. Goods and capital are
freely mobile, and markets are complete. The planner’s problem, given country weights w; > 0,

is to solve:
o0 t N Cllt*’Yi
max E w;j— (A.64)
{Cit, Kit} ;)ﬁ ; '1- Yi
subject to technology
Y = 5K (A.65)
and the world resource constraint
N
X; (Ct + Ky — (1= 8)Kiy—1 —Yy) =0 (A.66)

Il
—_

1

The process for aggregate log TFP is still given by a; = p,a;_1 + €;, with each country’s own log
TFP being (;a;.

The optimum in this model is characterized by the risk-sharing conditions

wiC,"=w, i=1,...,N. (A.67)
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The capital first-order condition is
ue=BE: (1= 6+ wexp(Gan)Ky ' | i=1.. N (A.68)

so that the relevant risk-adjusted return is equalized across all countries. To put this model in

the notation of (1), we define as in the one-country model the country-specific variable A;; =

(1 — 0 + & exp(giat)Kfi;j) ut. Then, we stack X; = (ar, ur, {Ait} , {Kit} , {Cit} ), and define

A= (1= +wexp@anK ) | [ 0]
Hi — ;"

F (X1, X4, By [Xi 1], €1) = e — BB [Ajs1] =

ZZIL (Cit + Kit — (1 — 6;)Kis—1 — Yir)

At — Palr—1 — € L Y

(A.69)

o O O o O

The model therefore has dimension n = 3N + 2.

Deterministic and perturbed-expectations steady-state. At the deterministic steady state with
€ = 0, world TFP is a = 0. The capital first-order condition (A.68) gives 1 — §; + ocin‘i_l =1, and

= B’

0(1' 1/(1*0&,’) N

K~: _— ’ Y':K'i.
l (5‘1—1+5i> L

World steady-state consumption is therefore

hence

with the multiplier on the world resource constraint i solving

i-1 \ H

To solve for the risky steady-state in the sequence space, we let there be a constant shift in ex-
pectations A¢, so that [E; [A;;11] = A + Af in (A.69). Then the capital first-order condition has a

risk-premium-like wedge
1 A

_ 1

i—1
1 _5Z‘+al‘ (K;SS)“ = B Vrss
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so that

l/(l—ai)
K™ = 1 4 A?
B =146 — 55

The risky steady-state level of the world multiplier " still solves the fixed point equation

N Wi 1/7i
Crss — Z ((K;‘SS)M _ (SiK;‘ss) — Z (l)

rss
i=1 i \H
from which we recover A7** = u"**/B — Af.

Calibration.  For our calibration, we use B = 0.99,4; = 0.025,w; = 1 and p, = 0.9. For any

chosen country size N, we draw independently for each country
w; ~ U[0.3,0.4], 7i ~ U[1,3], ¢i ~ uj0.5,1.5].

we take the draws before giving it to various solvers so that we can check the solution is identical

across solvers.

Solution in the sequence space.  Consider perfect foresight. Assuming the paths for world
log TFP a = (ag, a1, ...) and the world multiplier u = (o, j11, . . .) are known, (A.67) implies that

country i’s consumption at ¢ is

A\ Vi
Cy = <“’) (A.70)
Ut

while (A.68) implies that capital at ¢ is

1/(1—0{1‘)
pe/ (Bpes1) — 1+ 51‘]

and we can construct NX;; = egi“fK;";fl — Kit + (1 — 6;) K y—1 — Cit as net exports at time . Letting
Nt (p,a) denote that function, the relevant market clearing condition determining p given the

path of ais
N

Nit (n,a) =0 (A.72)
=1

1

We can construct country-level sequence-space Jacobians N; = aaj’\f‘ and N, = aaj;/” around the
S S

steady state, and then to first order the path of the world multiplier given a change in da (with

da = (1, Oa, pﬁ, .. ) € after an innovation € given the TFP process) is
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Type Object Max normalized error

First-order X; 8.09 x 10~
Second-order A&;; 252 %1013
Volterra coefficients Second-order risk Xy, 3.17 x 10712
Third-order Xjj 6.15 x 10712
Third-order risk X; 3.02 x 10712
Pruned moments Second-order ergodic mean 1.30 x 10~ 1
Second-order covariance matrix 1.87 x 10710
Pruned simulations Second-order simulation with Dynare burn-in 1.59 x 10712
Third-order simulation with Dynare burn-in 410 x 10713

Table E.2: Comparison of sequence space vs Dynare outcomes (10 country model)

This gives the first-order aggregate unknown U, from which we can compute the first-order so-
lution of all variables following (A.70) and (A.71). This gives us the first-order solution in the
sequence space.

To get the higher-order solutions, we use the one-shot principle: we first obtain the higher-

order solutions d®u, d® u to (A.72) by reequilibrating the nonlinear error from the lower-order

solution with the sequence space Jacobian — (Zfil Nw) _1, and then use the resulting solution to
compute the size and history terms in Cj;, Kj; and A;;. For the second-order risk effect, we solve a
perturbed expectations steady state: we use the second-order size effect Aoy as our expectations
perturbation A{ and solve for the resulting perturbed-expectations steady state. For the third or-
der mixed risk terms, we proceed similarly, computing both impulse responses starting from the
risky steady state and the perturbed-expectations transitions induced by the mixed size-history
term Ajpp;. We then store the Volterra coefficients {X], Xjk, X]-kk/, Xyo, ij}. We use symbolic dif-
ferentiation and truncate the sequence-space systems at T = 800.

Solution in the state space. =~ We use Dynare 7.1 to solve the model in the state space up to
third order. We give Dynare the equations in (A.69) and use its stoch_simul routines to solve for
the state-space laws of motions at orders 1, 2 and 3. Dynare uses a QZ decomposition to solve the
first-order law of motion and a specialized generalized-Sylvester algorithm to solve for the higher-
order law of motion, following Kamenik (2003); these are the bottleneck operations as n gets large.
Dynare also stores the tensors characterizing the third-order law of motion in an economical way

by exploiting symmetry. We also use Dynare’s pruning routines to obtain ergodic moments,*-*

and to do pruned simulations given an arbitrary sequence of €;’s.*"%*

Verification. ~ We verify that the outputs from the Dynare solution and the sequence space

are identical in three ways. First, from the Dynare state-space law of motion, we recover the

A-33Called using stoch_simul(order=2,pruning), with the default periods=0 to avoid Monte-Carlo simulation
A34Called using simult_(M_,options), with options.pruning set to True
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(a) First order (b) Second order (c) Third order
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Figure E.3: Time to solution in N country model: Dynare vs sequence-space

{stme, X ].S]f““", X]?ktk“,te, Xstate, X;f;}te} and verify that they coincide with the coefficients from our
sequence-space procedure. Second, we compare the pruned moments from Dynare’s pruned state
space solver—both ergodic mean and the pruned nth order variance matrix—to the formulas we
obtain for those objects. Third, we do a pruned simulation for an arbitrary sequence {¢;} and ver-
ify that this gives the same answer as the Volterra series on this sequence. Since Dynare starts its
pruned simulations at the deterministic steady state,we allow for a 2000 burn-in period with €’s
set to zero before feeding in our sequence, this allows time for the deterministic transition between
the deterministic and the risky steady state.

Table E.2 does this verification for our N = 10 country simulation. The solutions agree up to a

factor 10719 or better.

Scaling. Figure E.3 displays the time it takes to compute the sequence-space and the Dynare
(state-space) solution for first order, second order, and third order as a function of N. For first
order, both are very fast, with less than 0.1 seconds taken to solve even a 200 country model,
though sequence space is faster at all N. For second order, Dynare starts out faster, but the solution
time grows much more rapidly with N, so that for a 200 country model Dynare takes a few seconds
while sequence space remains below 0.1 seconds. The crossing point is around 20 countries. For
third order, the pattern is similar, but the computation times are higher and grow faster with N.
For a single country, sequence-space starts around 1 second and Dynare is 10 times faster. For
160 countries, sequence space is about 100 seconds while Dynare is 10 times slower. The crossing
point is around N = 60, corresponding to a state space of about n = 200.

Figures E.4 displays the storage for the resulting solution. We only keep track of the storage
used for the state-space laws of motion by Dynare, discarding additional output used for the
pruning solution. The storage outcomes correspond closely to the dimension analysis in table 3.
Beyond N = 160 (a state space of size about n = 500), Dynare cannot allocate enough memory to
store the third order state-space law of motion. This suggests that a Dynare approach to solving
heterogeneous-agent models with n > 1000 to third order would be infeasible.
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(a) First order (b) Second order (c) Third order
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Figure E.4: Solution storage in N country model: Dynare vs sequence space

F Appendix to section 5

FE1 Quantitative HANK model details
F1.1 General setup

The household side of the model is as in section 2.2, except that real assets pay the time-varying
return ;. Households solve the Bellman equation

Via,e,B) = Eg|maxu(c)+ BE:[Via(d, e, B)le, B (A73)

%

s.t. a+c=1+r_1)a+ Zile+Tr; a >a

where Z; = (1 — 7;) w:N; is aggregate post-tax real wage income. Firms produce competitively
under flexible prices with production function Y; = N, so the real wage is w; = 1, and post-tax
incomeis Z; = (1 — 1) Y:.
We now allow for exogenous shocks to government spending G;. The government budget
constraint is now:
Bi+1Yy = (14r_1)Bi1+Tr+G;

F1.2 Monetary policy and interest rates

We assume that the central bank follows the rule in (44),
T+ir=1+7r)(1+m)?

where r is the deterministic steady state interest rate and 7y = P;/P;_1 — 1 is the rate of price
inflation.

Following Auclert et al. (2024a), appendix A.2, we assume that households can only hold real
bonds, while financial market arbitrageurs can trade both real bonds and one-period nominal

bonds (reserves). The central bank sets the nominal return on reserves, which are in zero net
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supply in equilibrium. We assume that arbitrageurs are risk neutral and face no borrowing or
portfolio constraints.
Let r; be the real interest rate promised at t for payment at £ + 1. Investing one unit of the

consumption good in a real bond at ¢ delivers 1 + r, while investing in a nominal bond delivers

(A+i)Pe _ 1+i
[ 1+741

q: of the consumption good to invest in nominal bonds solve

1414
L 2
5?211)1( qt{ [1+7Tt+1] ( +rt)}

Equilibrium imposes the Fisher equation (45),

. Given risk neutrality and absence of constraints, arbitrageurs choose to borrow

1 .
1+rt:]Et |:+Zt :|

1+ 7t

and g; = 0 at all time, so that the nominal bond market clears. This setting implies that realized
profits of arbitrageurs are zero in every date and state, so their portfolios and profits do not enter
other equilibrium conditions.

F1.3 Wage setting

The wage setting microfoundation is similar to Auclert et al. (2024a), appendix A.3. A unit mass
of unions, indexed by k € [0, 1], supplies differentiated labor services. A competitive labor packer

= ([ )

for e > 1. The labor packer minimizes fol Wit Nyt dk subject to delivering N;. This delivers labor

combines them using

demand facing the union, as well as the wage index:

Nis = <Vv\<§f) N, < / Wi edk) - (A74)
t

Each union is atomistic and takes the aggregates {C;, N;, Wy, P, ; } as given. We define the con-
sumption index used by union k to be

~ 1 W
Co=C+—(1—-1) (ktth — tht) . (A.75)
Ut P
where w; = W;/ P, is the real wage. This index is equal to aggregate consumption C; in a symmet-

ric allocation, and values changes in wages as if income and savings are held fixed, modulo an

exogenous multiplicative wedge ;. Given its initial nominal wage Wy _;, we assume that union k
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chooses a path of nominal wages to solve

2
max]EOZﬁ ( (Cr) —v(th)—% (sz:/tkt1 —1) ) (A.76)

subject to labor demand (A.74) and the consumption index (A.75).

Write xi; = log Wy and 7115 = Wi/ Wi ,—1 — 1. Consider a change in x;; at time ¢, holding other
wage choices and aggregate fixed at all dates. Labor demand (A.74) and the consumption index
equation (A.75) implies

el W
ax;d Ut by o

so the derivative of the flow payoff from consumption and labor is

d

€e-11—-75 Wy ,
u
axkt

€ ur P

() = o)) = e o/ (i) -

The date-t wage also enters the adjustment costs at t and ¢ + 1 in (A.76). Since

87rkt
ant

oy
kt+1
=1+, Torg —(1+ 7 11),

the overall first order condition for (A.76) with respect to x; delivers

€—11—Ttht S
e wm P

0 = eNg [U/(th) (th)] — (1 + ) + BYE: [, 1 (1+ )] (A77)

In a symmetric equilibrium, Wy; = Wy, Ny; = N;, and Ekt = C}. Substituting this into (A.77) and
dividing by @ delivers the wage Phillips curve

e—11—m
€

(14 ) = SN (UW)_ e >) BE [mf (14 78] (A79)

where k = 1/7’ and 71’ = W;/W;_1 — 1is the rate of wage inflation.
Finally, recall that given competitive flexible-price production Y; = N;, the real wage satisfies
w; = 1atall dates, so in particular 77}’ = 71;. Substituting these relationships into the wage Phillips

curve delivers

ce—11—1 _
— L (Q)) + BE; [i41 (14 71441)]

7 (1+ ;) = kN <U’ (Ny) —

which is equation (47) in the main text.
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F1.4 Summary of equations

The quantitative HANK model is characterized by the following set of equations:

¢ The implementation of the Bellman equation (A.73) and its corresponding law of motion

and aggregation equation, i.e. equations (A.41)-(A.50), delivering

vr = V(Zi, -1, Ervi41) (A.79)
¢, = AZyri-1,Eori, ¢, q) (A.80)
Ay = A(Zyri1,Eror, @4 4) (A.81)
C = C(Zyr—1, Evepr, ¢,_4) (A.82)

¢ The government budget constraint and the definition of post-tax income:

Bt + Tth = (1 + I’tfl)Btfl + Tr + Gt (A83)
Zt = (1 — Tt) Yt (A84)

¢ The monetary rule (44) and Fisher equation (45), which combined, deliver

1
x! = A.85
h T (A.85)

1471 = (1471 (1+m)?E [X}H} (A.86)

where X{ is an auxiliary variable we define so that expectations enter via IE [X}4].

* The wage Phillips curve (47), substituting the production function N; = Y}, yielding

X2 = m(1+m) (A.87)

e-1 1;%’ (Ct)> + BE; [X7,4] (A.88)

th = KYt (Ul (Yt) — c

where X? is a second auxiliary variable.

¢ The stochastic processes for bonds, government spending and markups, yielding

Bi = B+pp(Bi_1—B)+eP (A.89)
G = G+pc(G1—G)+e° (A.90)
w = 1+p, (pe1—1)+€) (A.91)

¢ The market clearing conditions for goods and assets

Ar=B;, C+G =Y (A.92)
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Letting X; = (v, ¢,, At, Ct, Yy, T, Zt, 11, 11, X}, X2, By, Gy, pit), the F system is determined by the
fourteen equations (A.79)—(A.92), which fit the framework in (1). Note that by Walras’s law, the
asset and goods market clearing conditions in (A.92) are equivalent. We use the former in practice.

F1.5 Reduced set of perfect-foresight equations

Following section 4.1, we can reduce the problem of finding the perfect-foresight solution by solv-
ing for the smaller set of unknown variables U; = {Y}, ”t}tzo from any date 0. Given a nonlin-
ear sequence of current and past shocks { egk, eB r e’ik} y—o.L W€ can solve for the time path of

{Bt}tT:7 ; by initializing B_; = B, and then solving recursively, fork = —L,...,0,
B_i = Bss + 0B (B—k—l - Bss) + eék

and then fort > 0
Bt = Bss + (93] (Btfl - Bss)

We proceed similarly for G; and p;.
Given this and knowledge of {Y}},.,, we obtain the tax rate

(14+7-1)Bi1+Tr+ Gt — B;
Y;

T =
and given knowledge of {7}, we obtain the real interest rate

1+7’t:(1+7’)(1+ﬂt)¢m
+

we then evaluate the distribution at date 0 by initializing ,¢p_; = ¢, and then solving for k =

-L,...,0,

v_k = V(Z_k,r_k,lE—kv—k+l)
¢, = A(Z_k,l’_k,]E—kv—k—H/¢7k71)

where E_;v_j 1 assumes the sequence of innovations {e€_;,€e_;11,...,€_,0,0,...}.

Finally, we evaluate the residuals
H} = Ay ({Ys —wYs, 75}, ¢ 1) — B (A.93)
and

e—11—m =
c " tlxl/ (Yt — Gt)> — ﬁ7Tt+1 (1 + 7Tt+1) (A94)

HtZ = Tt (1 + 7Tt) — KYt <Z)/ (Yt) —
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overall, these mappings define a nonlinear function

H, ({Us}szo, {e(jk, B, e k}k:O..L> L >0 (A.95)

given any guess for unknowns {Us} = {Y;, 75}~

If we want to recover the whole X;, we form Et = (1 —1)Y;, and then get v, ¢, As, Cy, th, th
from their definitions in (A.79)-(A.82), (A.85), (A.87).

The one-shot principle requires getting the Jacobian Hy of the targets (A.93)-(A.94) at the
steady state (Us, 0). Then, for given sequence {efk, eB ks e’ k} o’ O obtain accuracy of order
k for unknowns, we form the sequence Ul¥) = Uy,

ulkl = yghk-1 _ Hy'H (U[k—l]l {efk}kzo..l)
following (35), which requires only k nonlinear evaluations of the H function in (A.95).

F1.6 Deterministic steady state

We maintain the same calibration of the household part of the model described in section 2.2 and
appendix A.5. We assume that the Taylor rule coefficient is ¢ = 1.5. We set the slope of the
Phillips curve to x = 0.01 and assume isoelastic disutility of labor with a Frisch elasticity of 0.5, so
v’ (N) = {N?. We assume a steady state inverse wage markdown of 45 = 1.1.

We consider the deterministic steady state with zero inflation 77 = 0, implying that ¢ solves

_6—11

2
¢N e u

(1-1)C7

at our deterministic steady state valuesof 55 = 1.1,y =1, 7=033,C=Y -G =083, v =1,
and N =Y =1 (see table 1), implying { = 0.73384447.

F1.7 Perturbed expectations steady state

To obtain a perturbed expectations steady state, we note that expectations enter the F system via

E;v:q, IEtth 41 and ]Etth .1~ Hence, we obtain the size dependence vq, Xéo and X(%o- We then

consider the nonlinear steady state function
H(U,A)

which gives the residuals in conditions (A.93) and (A.94) from using unknowns U = (Y, 71) when

2

A gives the perturbation to vy, th 4 and X7 .

Finally, to correctly solve to first order we use
equation (40),

OH (Uss, (w00, Xg0, XGo) 9)

90

We follow a similar principle for perturbed expectations transitions.

Upr = _Hal
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F1.8 GMM estimation

We use our higher-order characterization of first and second moments in equation (18) and propo-
sition 6 to estimate our model parameters using the generalized method of moments (GMM). Let
0 denote the vector of parameters that we are estimating, 71 denote a vector of empirical moments,
and m(0) be the model counterpart of these moments, obtained from solving the model at 6. The
GMM estimator solves

6 =arg mein(m((-)) — 1)/ W (m(0) — i) (A.96)

for a given positive-definite weighting matrix W.A-3°

In our quantitative HANK model application, we estimate the autocorrelation and standard
deviation of the model’s shock processes to match the observed variance and first autocovariance
of the output gap and inflation, as well as their contemporaneous covariance (see table 4). Here,

our vector of empirical moments is
N N N N “ /
= (JE[YE], E[Y+Y: 4], B[r7], EBlmim 4], IE[th]) , (A.97)

where Y; and 71; denote the demeaned time series of the output gap and inflation, respectively,
while m(0) denotes the model counterpart of these moments. We use the optimal weighting ma-
trix W = $~1, where S denotes the Newey and West (1987) heteroskedasticity and autocorrelation
consistent (HAC) estimator of the long-run variance matrix T - Var(siz), where T denotes the sam-
ple size.A%

We compute the output gap as the difference between real and potential GDP, divided by
potential GDP, and use the PCE as our measure of the price level. We use quarterly data from
1966Q1 up to 2025Q4 obtained from the Bureau of Economic Analysis (GDP and PCE) and the
Congressional Budget Office (potential GDP).

We calculate standard errors for our parameters using the standard expression for the asymp-
totic variance of our estimator given the optimal weighting matrix (Hansen 1982):

. R -1
Var(d) = (G's—lc) /T, (A.98)
where G = dm(0) /9@, the sensitivity matrix of moments to parameters, is evaluated at .

F1.9 Ergodic distribution of the second-order pruned solution

Here we show how to numerically compute the entire ergodic density of a second-order MA

process as in (11), assuming normally distributed errors €. The idea is to evaluate its characteristic

A35More generally, the moment conditions may not be additively separable into a purely data-dependent piece and a
purely 6-dependent one. In that case, a two-step procedure would be required to obtain the optimal weighting matrix
W that minimizes the asymptotic variance of 8.

A36Tn our implementation of the HAC estimator, we use a Bartlett kernel with weights 1 — ¢/(L +1) for £ = 1,...,L
and maximum lag of L = 4. Our time series has length T = 240 (1966Q1-2025Q4).

A-65



function ¢x, (7) = E [¢/™ ], which has a closed-form expression, and then apply Fourier inversion.
Start by approximating Xt(2) by a quadratic form up to a truncation horizon L:

1 1
X~ X+ 5Xre0® +d'e + 2D, (A.99)
where € = (er,€;-1,...,6_(1-1)), d = (Xo,..., A1)’ and D = [XpJo<jk<r-1-

The characteristic function of X; can be expressed in closed form (for instance, see Imhof, 1961):

o272

¢x,(T) = det (1 — it?D) " *exp <iT <X + ;X(maz) -2 d (1-ite®*D) d) . (A.100)

From (A.100), the probability density function fx, (x) is obtained via the Fourier inversion formula:
fx,(x) = &= [T e ¢x, (1) dT.2¥ We use this expression to calculate the density reported in

figure 11(b), as well as in the menu cost model in figure 14(b).

F2 Quantitative menu cost model details
E2.1 Detrended model

Recall that m* denotes the constant desired log markup over marginal cost. Following Auclert
et al. (2024c), we incorporate this markup into the definition of the price gap. If P; is firm i’s
log nominal price and a;; its log productivity, its flexible log price is m* + MC; — a;;. We define
xit = Pjt + a; — m*, so that its deviation from the flexible log price is x;; — MC;.

We first detrend the model to make it stationary. Denote by y = x — ut the detrended price
gap, and by wy = Wy — ut, mcy = MC; — ut and p; = Py — ut the detrended log nominal wage,
marginal cost and actual price, respectively. We therefore have

mey = xwi + (1= x)p: (A.101)

Note that if there is no adjustment, the price gap y evolves as ¥’ = y + € — u. The Bellman equation
is therefore given by

v (y) = %(y—mct)2+/31Ef [/utﬂ(y—‘u%—e)f(e)de
w(y) = Avyy) + (1 —A)min{oi(y), v (yy) + ¢}

where v; (y) denotes the loss from an incoming price gap of y at t, and u;(y) is the expected loss

A37While this approach allows us to compute univariate marginal densities, evaluating the joint likelihood of an ob-
servation vector (Xy,..., Xr) for maximum likelihood estimation of second-order models is much more challenging.
Evaluating a sample of size T requires integrating a T-dimensional characteristic function, which induces a severe curse
of dimensionality even for modest sample sizes.
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before the adjustment decision but after the idiosyncratic cost shock. Let
y; = argmin v (y)
Y
denote the reset price gap, and define the upper and lower boundaries as

v(€r) = ve(re) = oe(yy) + ¢

so that the inaction region is [¢;, 1¢].
Let ¢:(y) be the density after date-t idiosyncratic shocks but before date-t adjustment, with
f]R 2+(y) dy = 1. With this convention, the frequency of price adjustment is
r

freq, =1— (1— A) /[ 'ei(z) dz (A.102)

Under linear aggregation, the mean detrended price gap g; and the actual detrended log price are
given by

=(1-A /nz z) dz + freq,y;,
qe = ( ) A t(z) QY (A103)
pr = m* +q.

Finally, the evolution of the density is given by

gal) = (-1 [(@@f -z +wdztfrqfly—yi+n)  (A10d

Note that, since [, f(€)de =1and [ ef(e) de = 0, we have, using € = y —z + p, that [ yf(y —
z+ ) dy = z — . Integrating the density equation therefore implies that the mean pre-adjustment

price gap evolves as

/Rgm Wydy = (1-47) /g §t(z) (z — p) dz + freq, (y; — )

Tt
= G —Y ((1 —A) // Qi(z)dz +freqt)
= qi—p=p—m - (A.105)

Deterministic steady state. In the steady state, the equations above hold without ¢’s. We have

q = (1—A)/érzg(2)d2+freq'y*
p = m+q
me = xw+(1-x)p
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where w is the exogenous detrended nominal wage. Actual inflation is 7w = u. Given (A.105), we
also have g = it + [ ¢(y)y dy. Combining the two expressions for g gives

—00

V4 r [
/ W —y)gly)dy+A /g v —y)gly)dy + / W —ygly)dy=nu

which decomposes inflation into nominal log price changes from y to y* in all three parts of the
distribution of gaps. We note that g — mc is the average deviation from the flexible log price, so
that the log price-marginal-cost markup is p — mc = m* + g — mc. The corresponding relations
between w, mc and p are

1
p:w+%(m*+q—mc) mc:w+7(m*+q—mc). (A.106)
Hence the log price-wage markup is (m* +q — mc)/ x.

F2.2 Numerical implementation

We represent the value function v; (y) and the pre-adjustment density g; () by their values on
a common uniform grid with N = 1000 points, and interpolate both objects using degree-five,
not-a-knot splines, which have four continuous derivatives.

Backward iteration. Denote by 7;,; the interpolating spline for the value function at t + 1.
We obtain the associated policies y; ; by solving 7, (y;,;) = 0, and ¢;41 and r;q by solv-
ing 0411(y) = Dr41(y;,q) + ¢ using a root-finding method. Since shock innovations have den-
sity f(e) = ¢(e/0c)/0e where ¢ is the standard normal density, we then calculate &1(y) =
Ee [ur1(y —p+€)] as

Er1(y) = A1 (Yiq) (1= A) /e Or41(2)f(z—y+p)dz

" (A.107)
+(1-A) <1 s (”*1773”‘) + @ (W)) (041 (vFer) + )

where @ is the standard normal cdf. We evaluate the integral in (A.107) over the inaction region
[01+1, 7141] with 40 Gauss-Legendre nodes. Given this value at t + 1, we then obtain the Bellman
update 0;(y) = 3(y — mcy)? 4+ BE; [€141(y)] at t, and store these values on the grid. This defines a

function
vV = % (WlCt, lEt [5 (Vt+1)]) (AlOS)

where we note that aggregate shocks enter via the expectation of &1 (y) in (A.107).

Forward iteration and aggregation. Denote by g; the interpolating spline for the pre-adjustment

density at t, and {y;, ¢;, 7+ } the associated policies. We implement (A.102) by calculating the fre-
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Figure F.1: Deterministic steady state of the menu cost model

quency of price adjustment freq, and g;11(y) as

freq, = 1—(1—/\)/ét§t(z)dz

by integrating g;(z) exactly as a piecewise polynomial. We implement (A.104) by calculating

gtr1(y) = (1-4A) /gt 8e(z)f(y —z+p)dz + freq, f(y — yi +n)

using Gauss-Legendre quadrature with 40 nodes for the integral. Finally, we calculate the mean
detrended price gap and the actual detrended log price by implementing (A.103) as

g =(1-7A) /g z81(z) dz + freq,y;, pr = m* +q;.

t

Let Q denote the aggregation map for g;. This gives us the functions

g1 = G (mcy, Et[€ (V1)) 8t) (A.109)
pr = m*+ Q (mcy, Ey [E (Vis1)],8¢) (A.110)

Deterministic steady state. We iterate on the Bellman equation (A.108) and the distribution up-
date equation (A.109) until convergence to stationary v (y) and g (y). Let § denote the solution to
these equations when we normalize ¢ = 0 and m* = 0. Then, given (A.106), the solution when
we normalize w = 0 and have an arbitrary m* instead is

m*+q 1—x

= , mc:im*—i—i, :7+mC: _m*.
4 X < ( q) 9=79 4

As described in the main text, we calibrate ¢, A, and e to match, in the deterministic steady
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state, a frequency of price adjustment of freq = 0.239, a median absolute size of price changes of
0.085, a share of free adjustments in total adjustment of 0.75, trend inflation at # = 0.8512% and a
share of value added in production of x = 0.7. We also calibrate m* so that the price-wage markup
in the deterministic steady state is p — w = 10%; this implies that the price-marginal cost markup
isp—mc=x(p—w)=7%.

This calibration implies (¢, A, 0., m*) = (0.025857,0.17925,0.058966,0.07018688). Figure F.1
visualizes the steady-state value v(y) relative to v(y*) and the pre-adjustment density g(y) under
the normalization w = 0. The adjustment bands are ¢/ = —0.12312 and r = 0.19484, with reset
point y* = 0.04143. Due to trend inflation, firms reset to a price gap slightly above steady state
log marginal cost; this price gap then drifts down at rate . The mean post-adjustment gap is
g = 0.02981312, so that p = m* +¢.

Nonlinear transitions. To solve nonlinear transitions under perfect foresight, we use p; as our

endogenous unknown variable. Our sequence-space residual function is

Hy=pr —m* — Qy ({xws + (1 = x)ps})

where O returns the mean detrended price gap from the sequence-space version of (A.108)-
(A.110) with initial condition given by the steady state g. To first order, the sequence dp =
(dpo, ...) solving H (p, w) = 0 for given dw = (dwy, . ..) is given by

I-1-x)¥)dp = x¥dw

where ¥ is the Jacobian of the mean gap to marginal cost, equivalently of the actual price to
marginal cost since dp; = dg; for fixed m*. We use the explicit expression for this passthrough
matrix derived in Auclert et al. (2024c). We continue to use the inverse Jacobian (I — (1 — x)¥) "
for one-shot corrections at every order.

For second-order derivatives, we use the central symmetric difference formula (42) with step
size hy = 0.0002. For third-order derivatives, we use the seven-point stencil (A.63) with step size
hz = 0.002. We continue to use polarization identities to obtain mixed derivatives. We assess
numerical accuracy by using the step-size test (I test) from section E.4, and by varying the grid
size N € {500,1000,2000,4000}. For the size derivative and four mixed-history derivatives, the
default N = 1000 differs from a quintic numerical reference with N = 4000 and the same h3 =
0.002 by at most 0.00006%. Testing h3 € {0.001,0.002,0.004} at N = 1000 gives discrepancies
of at most 0.0012% against that reference. At N = 1000 and h3 = 0.002, halving hy or doubling
quadrature nodes from 40 to 80 changes these third-order paths by at most 0.000011% in either
case. All discrepancies are maximum absolute differences over the first 20 periods, expressed as
percentages of each reference path’s peak absolute value; the last two checks use the default-grid

path as reference.
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Perturbed expectations steady states and transitions. = Equations (A.108)-(A.110) show that
the primitive system has aggregate shocks entering via expectations of &1 (v) in (A.107). For
perturbed expectations, we differentiate the function & (y; v) along the general-equilibrium path
generated by an aggregate wage innovation v. Let £y (i) denote the second derivative. We solve
for the steady state price p () obtained by perturbing the expectation in (A.107) by the constant
0&00 (¥), and then obtain p,y =~ W (since m* is fixed, this is also g,,). Next, let Eyor (v)
denote the third derivative with respect to a squared innovation v and a prior shock occurring t
periods ago. We solve for the RSS term at third order by starting transitions from the resulting
risky steady state; and the TVP term by calculating the transition generated by the time-varying

expectation sequence o ().
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